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1. Executive Summary
This report describes results from numerical studies of transients in magnetically confined plasmas.
The work has been performed by University of Wisconsin graduate students James Reynolds and
Giovanni Cone and by the Principal Investigator through support from contract DE-FG02-02ER54687, a
Junior Faculty in Plasma Science award from the DOE Office of Science. Results from the computations
have added significantly to our knowledge of magnetized plasma relaxation in the reversed-field pinch
(RFP) and spheromak. In particular, they have distinguished relaxation activity expected in sustained
configurations from transient effects that can persist over a significant fraction of the plasma discharge.
We have also developed the numerical capability for studying electrostatic current injection in the
spherical torus (ST). These configurations are being investigated as plasma confinement schemes in the
international effort to achieve controlled thermonuclear fusion for environmentally benign energy
production.
Our numerical computations have been performed with the NIMROD code
(http://nimrodteam.org) using local computing resources and massively parallel computing hardware at
the National Energy Research Scientific Computing Center. Direct comparisons of simulation results for
the spheromak with laboratory measurements verify the effectiveness of our numerical approach. The
comparisons have been published in refereed journal articles by this group and by collaborators at
Lawrence Livermore National Laboratory (see Section 4). In addition to the technical products, this grant
has supported the graduate education of the two participating students for three years.
2. Objectives and Accomplishments
The proposed objectives and related accomplishments are as follows.
2.1. Pulsed Parallel Current Drive in RFPs
1) How does the current profile evolve when the electric field pulses are applied? What are the roles of
pinching, resistivity profile change, and nonlinear dynamo drive for the current during the transient?
Our computations have investigated pinching and nonlinear dynamo changes in detail. They show
that the electric field penetration is initially diffusive, since it is applied parallel the edge magnetic
field. However, the shear in the magnetic field prevents significant diffusive penetration, and
pinching is significant over most of the plasma volume. The dynamo activity is quickly suppressed,
and the reduced fluctuation activity leads to nonlocal changes in the electric field profile during the
transient.
2)

How does the pressure profile change as dynamo activity is reduced? Do inductive effects such as
pinching have significance, or is the improved confinement solely responsible for the evolution?
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Does the pressure gradient have any bearing on the core-resonant m=1 modes during the improved
operation?
Computations performed early in the study include finite pressure, and they demonstrate
improvements in the energy confinement time after application of the electric field pulse. There was
no indication of enhanced m=1 drive from the changing pressure gradient during the transient, but
more work is needed in this area.
3)

What is the drive and role of the m=0 fluctuations? Do the simulations provide any theoretical basis
for operational limits that have been correlated with the excitation of these fluctuations?
Our computations have not shown isolated m=0 fluctuations during the transient, unlike the
experiment. It is possible that the level of viscous damping used for nonlinear numerical stability at
computationally practicable resolution has prevented isolated m=0 fluctuations, and this needs to be
reconsidered as improvements in algorithms and hardware allow greater resolution.

2.2. Spheromak Transients
1) Do inductive effects at finite-β influence the MHD fluctuations (and the n=1 mode in particular) that
are observed in SSPX?
This study has been very successful in demonstrating important inductive effects at finite plasma-β
(i.e. plasma pressure). Simulations of specific SSPX discharges with realistic current injection
waveforms show that relaxation occurs during the initial formation pulse and that the second smaller
current pulse effectively delays the onset of harmful resonant MHD activity. However, the second
pulse does not sustain current in the closed-flux region, so inductive effects (and temperaturedependent transport effects) are very important.
2)

Are the magnetic field configurations produced by the magnetofluid simulations consistent with the
electron temperature and energy confinement observed in spheromak experiments?
Detailed comparisons have been made between our magnetofluid simulations of specific SSPX
discharges and laboratory observations. The simulations show all of the major features of the
experiment (a significant accomplishment for comprehensive plasma simulations where there are no
fitting parameters), and reasonable quantitative agreement on the global magnetic evolution
including fluctuation-induced flux amplification, the evolution of the electron temperature profile,
and magnetic fluctuation levels.

3)

Is it possible to optimize pulsed spheromak operation, such that the confinement achieved during
decay makes the cycle-average acceptable for a reactor concept?
Our optimization study has not advanced to the point of being able to predict cycle-averaged
confinement, but we (including collaborators at LLNL) have shown that different pulsing schemes
have a strong influence on the volume and duration of closed-flux regions.

2

2.2. Spherical Torus Startup
1) Is the MHD activity driven by electrostatic helicity injection similar to earlier predictions in
simplified geometry, and what magnetic configurations are produced at small aspect ratio?
Our electrostatic injection study for ST startup has not yet progressed to the degree of the spheromak
study. We have made progress in simulating current filament injection from a localized source into a
small-aspect ratio geometry, but these simulations require considerably more numerical resolution
than toroidally symmetric injection.
2)

What happens to the MHD activity during the transition to inductive drive? Can the transition be
controlled or optimized to minimize the consumption of volt-seconds?
Our inductive drive study included realistic geometry, vacuum poloidal fields, and time-dependent
vertical field. While we have modeled inductive ST startup, the results are very sensitive to transport
coefficients. This issue needs to be revisited with temperature-dependent transport coefficients
developed for the spheromak modeling and then combined with electrostatic drive.

3)

What determines the nonlinear evolution of the internally resonant MHD activity in Pegasus during
start-up, and why does it degrade the discharge? Will MHD activity be significant with
compressional heating and current drive?
The sensitivity to fixed transport coefficients used in the earlier modeling did not warrant threedimensional computations. This topic also needs to be revisited with the more realistic temperaturedependent transport coefficients.

3. Summary
The basic characteristic times of all magnetically confined plasmas are spread over many orders of
magnitude. Considering macroscopic activity alone, Alfvénic propagation can be 104-105 times faster
than global resistive diffusion in the smallest experiments. With respect to the development of ideal
MHD instabilities (except near a threshold), the profile of the equilibrium is therefore essentially fixed.
However, there are important instances where equilibria and macroscopic activity evolve on similar timescales and have important interaction. In general, magnetic relaxation is a process whereby non-ideal
macroscopic activity changes the topology of the confining magnetic field and the large-scale distribution
of charge current density. The underlying nonlinear evolution of non-ideal MHD occurs over time-scales
that are closer to global resistive diffusion than to Alfvénic propagation, so diffusion over fractions of the
device scale can be significant, especially for smaller experiments and during start-up. The physical
phenomena that participate in the evolution may be familiar (magnetic tearing, relaxation, diffusion)
while nonlinear interactions among them lead to unique behavior for specific modes of operation in each
system. These interactions can be particularly complicated during externally imposed transients, because
the electric field profile is time-dependent and possibly very different from typical sustained conditions.
In this study, we have applied numerical computation to better understand three experiments where there
is strong interaction between global transients and MHD activity. In Section 3.1, we describe our
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findings on pulsed parallel current drive (PPCD) in the RFP. Section 3.2 summarizes results on
spheromak transients, and Section 3.3 presents progress on simulating spherical torus start-up and current
injection. Section 3.4 provides an appendix on the numerical modeling.
3.1. Pulsed poloidal current drive in reversed-field pinches
The RFP configuration with pulsed parallel current drive (PPCD) is an experiment where there is
important synergy between induced transients and nonlinear MHD. In the Madison Symmetric Torus
(MST, http://plasma.physics.wisc.edu/mst/html/mst.htm), toroidal magnetic flux is removed during
discharges through a series of voltage pulses applied over 5-10 ms to the toroidal gap in the conducting
shell. In recent experiments, the loop voltage is simultaneously reversed as the toroidal component of
edge magnetic field becomes more negative [1]. Standard discharges without the pulsing exhibit episodic
relaxation cycles (RFP sawteeth) every 2-10 ms, so the PPCD transient and MHD activity tend to occur
over similar time-scales. The intent of the pulsing is to induce parallel current in the edge of the plasma
to reduce the parallel current gradient and hence the drive of magnetic fluctuations that affect
confinement [2]. The approach has been very successful in MST, where the amplitude of core-resonant
modes decreases and energy confinement increases. Some discharges exhibit residual m=0 fluctuations
(where m is the poloidal Fourier index) that are resonant near the plasma edge, but in contrast to normal
operating conditions, it seems unlikely to result from nonlinear coupling of the remaining core-resonant
fluctuations. Although core electron temperatures increase relative to standard RFP discharges when the
m=0 activity occurs, peak temperatures are significantly higher when the fluctuations are absent [1].
When all MHD activity is suppressed, a dynamo-free condition is achieved [3], and confinement reaches
record levels for the RFP.
The focus of our numerical study of PPCD [4] has been to understand how the magnetic fluctuation
level in MST responds to the transient—applied as an edge electric field—on resistive tearing time-scales
[5] when the global diffusion time is on the order of a second. We start from simulations of standard RFP
conditions in a periodic cylinder with plasma current sustained by an applied axial electric field. The
evolution displays familiar characteristics of large core-resonant m=1 tearing modes interacting through
m=0 fluctuations [6]. Relaxation results from correlated fluctuations of flow velocity and magnetic field
~
that produce the dynamo electric field E f = − ~
v × b which suppresses parallel current density in the

plasma core and drives it near the edge [7]. The simplest PPCD-like effect is modeled by applying a
purely poloidal electric field at an arbitrary time after saturation in a standard RFP simulation. The
modeled electric-field pulse is scaled to change the same fraction of axial (toroidal) flux over the same
number of tearing times as PPCD transients in MST. [The Lundquist number (S) in the simulations is
much smaller than in MST, particularly in the simulations described here where the S-value is 2000.] As
shown in Fig. 1, there is an immediate drop in the energy of the n=6 fluctuation, which is dominant at the
time the poloidal pulse is applied in an R/a=3 NIMROD [http://nimrodteam.org] simulation that includes
the 0≤n≤42 toroidal Fourier components. The initial evolution (0.201 ≤ t/τr ≤ 0.207) of the normalized
parallel current density (J||/B), also shown in Fig.1, is very slight and most evident near the wall.
Among the possible stabilization mechanisms for the core-resonant mode, we immediately rule-out
the kind of direct stabilization achieved with feedback systems, since the applied electric field pulse is
uniform over the problem domain. This leaves two possibilities: either the nonlinear coupling among
fluctuations changes to reduce the amplitude of the core-resonant mode, or the slight change in the profile
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is enough to change the linear drive. The first of the two is plausible for modes with either large n-values
or m=0 (not shown) that are linearly stable and driven nonlinearly. However, the n=6-8 modes typically
supply the nonlinear cascading channels [6]. To verify that the profile change is then the stabilization
mechanism, we have computed the evolution of the rate of energy transferred from the equilibrium to the
core modes [7], plus dissipation,

( )

T
⎧ ⎡
⎫
⎤
~ ~
~ ~
~
− Re ⎨∫ ⎢ J ⋅ ~
v∗n × bn + V ⋅ j ∗n× bn + η j ∗n⋅ j n + ρν ∇~
v∗n : ∇~
v n ⎥ dVol ⎬ ,
⎦
⎩ ⎣
⎭

where η is the electrical resistivity, ν is the kinematic viscosity, and ρ is the mass density. This power
drops sharply with the application of the PPCD pulse, providing an explanation for the initial drop in the
fluctuation energy shown in Fig. 1 and supporting the idea of a prompt reduction of the linear drive
despite the weak change in parallel current density.
To verify that the profile evolution has a stabilizing effect on the dominant mode, we evaluate the
tearing-mode stability parameter ( Δ′ ) for zero-beta conditions [8]. The equilibria are taken from the
axially and poloidally symmetric part of the magnetic field in the 3D simulation at different points in the
PPCD transient and are analyzed with computations similar to those described in Ref. [9]. In Fig. 2, we
show the two linearly independent solutions to the outer-region equation (a form of Newcomb’s equation)
that are computed as solutions to initial value ODEs in the radial coordinate from r=0 and from the
resonant surface (rs). The solutions can be combined to construct the eigenfunction that satisfies
homogeneous Dirichlet boundary conditions at r=0 and r=a. The stability parameter is then
Δ′ = −ψ s′ (rs )ψ c (a ) ψ s (a ) , where ψs is the small solution on the positive side of the resonant surface, and

ψc is the continuous (large) solution. The deviations from the start of the pulse (t=0.201 τr) to t=0.207 τr
for both the small and continuous (initial value) solutions reduce Δ′ , making the configuration less
unstable to this mode. It is worth noting that the deviation between the solutions for the two equilibria
occurs more than halfway into the plasma, not far from the resonant surface, rs=0.27 a.
While linear stability analysis is insufficient to describe the nonlinear evolution from the saturated
RFP state, it provides information on us how the stirring mechanism for magnetic fluctuations is affected
by the transient. The Newcomb equation analysis shows that the important influence of the electric pulse
is deep in the plasma core—not edge current drive. Since a large part of the saturation of the coreresonant RFP modes comes from relaxation of the current profile [7], the profile is already close to
marginal linear stability before the transient is induced. Slight changes to the current profile near the
surface of resonance therefore have a significant effect, and in an MHD system, information can be
communicated at an Alfvénic rate if the pulse excites any perpendicular forces [effects of which are also
reported in Ref. 10].
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Figure 1. Evolution of magnetic fluctuation energies, labeled by toroidal Fourier component index (left)
during the application of a poloidal electric field pulse, and normalized parallel current profiles taken
from the initial stabilization phase (right). Times are in resistive diffusion times.
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Figure 2. Solutions to linear initial-value ODE problems for the outer regions of the n=6 resistive tearing
mode for equilibria taken from the 3D nonlinear simulation at the times indicated. The solutions
satisfying regularity conditions at r=0 with continuous slope at the rational surface are shown on the left,
and small solutions with unit slope at the rational surface are shown on the right.
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3.2 Spheromak evolution
A transiently enhanced condition is also achieved in the SSPX spheromak
(http://www.llnl.gov/str/Hill.html).
Like most recent spheromak experiments, SSPX is driven
electrostatically from a magnetized plasma gun. Standard operation applies a large formation pulse to
expel poloidal and toroidal magnetic flux from the gun and into the large flux conserver, where magnetic
relaxation produces the spheromak configuration. The formation pulse lasts approximately 250 μs, and it
is followed by a brief decay period and then a sustainment pulse that is typically at half the injected
current of the formation pulse. Like all other electrostatically driven spheromaks [11-13, for example],
there are large n=1 magnetic fluctuations (n is the toroidal Fourier index) during formation, due to an
MHD kink instability of the pinched column that carries current from one electrode to the other.
Fluctuations decrease during the partial decay, as expected from previous results on decaying spheromaks
[11,14]. However, applying the sustainment pulse leads to a relatively quiescent state at the same time
that the decay rate of the configuration decreases [15]. Magnetohydrodynamic activity with n-values
greater than unity occurs later in the discharge, and specific modes have been correlated to resonant
conditions in the evolving q-profile [16], which is computed with CORSICA equilibrium fits to
experimental data [17].
Early simulations of spheromak formation and sustainment using the simple 0-beta resistive MHD
model demonstrate flux conversion through the n=1 kink mode of the electrode-driven current column
[18]. In sustained conditions, magnetic field-lines exhibit chaotic scattering [19] across the apparent
separatrix of the equilibrium (toroidally averaged) poloidal flux. These simulations also show that closed
flux surfaces form when the applied potential is removed [18], due to fluctuations decaying quickly
relative to the large-scale fields generated by relaxation. In the sustained open-field configurations,
electron temperatures resulting from Ohmic heating with classical parallel transport are limited to tens of
electron-Volts [20,21]. Thus, the early simulation results offer an explanation for the high temperatures
achieved during the decay phase of some experiments [11,14] but appeared to be inconsistent with the
SSPX results where temperatures exceeding 100 eV (and greater than 300 eV more recently) are achieved
upon application of a second current drive pulse that follows a brief period of decay [15]. Noting that the
second current pulse in SSPX does not keep the magnetic energy content fixed, we developed capabilities
for more detailed simulations of SSPX [22] including a realistic geometry, temperature-dependent
anisotropic thermal conduction, and a current injection waveform that mimics the formation/sustainment
pulsing in SSPX. Temperature evolution is needed for evaluating the temperature dependence of
electrical resistivity, and it permits direct comparisons with experimental measurements related to
confinement. The heat flux modeling is appropriate for collisional plasmas [23] and relies upon the highorder accuracy of the NIMROD spatial representation [24]. Although limited in its range of validity, the
collisional model is appropriate for the lower temperatures (up to ~35 eV) encountered in regions where
the field-lines remain open and globally during the critical transition from open to closed topology [22].
The recent simulations of SSPX represent integrated modeling of nonlinear MHD and energy
transport and are applied to specific SSPX discharges starting just after breakdown. The initial magnetic
field is just the externally created vacuum bias flux, and the flux amplification and current profile
relaxation processes are produced self-consistently (Fig. 3). Besides the effects that were observed in the
earlier generic simulations, the recent computations reproduce essentially all of the important
characteristics of the corresponding SSPX experiments [15] including: 1) kV voltage spikes during
formation, 2) a quiescent phase with magnetic fluctuations at the probe location dropping below 1%, 3)
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elevated temperatures in a toroidally localized zone during the quiescent phase, and 4) a weak decay of
toroidal current and magnetic energy through most of the sustainment pulse [22]. The toroidal rotation of
magnetic fluctuations is much smaller in the simulation results than in the experiment, but this appears to
be a secondary effect [25]. For a comprehensive model of an entire discharge that is free of any fitting of
parameters, the MHD simulations show a remarkable level of quantitative agreement with the laboratory
observations.
Having established the relevance of the computational results, we examine the simulated discharge
in greater detail to better understand the behavior observed in SSPX. In particular, we compare the
~
dynamo power density [7], − ~
v × b ⋅ J , during the formation pulse (400 kA) and during the
sustainment pulse (200 kA). From Fig. 4, we see that the interaction between fluctuations and the
equilibrium current density profile differs by orders of magnitude, despite the fact that the injected current
only differs by a factor of two. Near the magnetic axis of the equilibrium (R≅0.35 m), the magnitude of
the dynamo power density during formation exceeds resistive loss, η J

2

, by more than an order of

magnitude, so the net toroidal electric field builds equilibrium poloidal flux as part of the relaxation
process. However, during the sustainment pulse, the resistive loss exceeds the dynamo power density by
more than an order of magnitude; hence the configuration is not sustained. At the reduced resistivity
associated with the elevated temperature, the decay time significantly exceeds the pulse length, so decay
occurs at the weak rate observed in both experiment and simulation. This nontrivial interaction between
the transient, fluctuation-induced relaxation, and energy confinement/temperature-dependent resistivity
was only made clear with the detailed information provided by the numerical simulations.
While the second current pulse in SSPX does not prevent decay of the profile, it has a strong role in
the evolution of MHD modes that are resonant within the region of amplified poloidal flux (indicated by
dashed contours in Fig. 3). The simulation results show that the second pulse prevents the minimum of
the non-monotonic q-profile from dropping below 1/2. This keeps the m=1, n=2 mode and its harmonics
from destroying closed flux surfaces that lie inside the separatrix, preserving a topologically distinct
confinement region until late in the discharge [22]. The importance of resonant fluctuations and their
correlation with SSPX confinement has been noted in the experiment [16], but the simulations have
clarified the role of the second current pulse and the fact that the resonant modes are not part of a dynamo
process.
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Figure 3. Evolution of the (toroidal average) poloidal flux function from NIMROD simulations of SSPX
discharges 4620-4644. The frames show a) the initial vacuum distribution, b) prior to relaxation, c) after
relaxation, and d) during application of the sustainment bank. Dashed contours show poloidal flux
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3.3 Spherical torus current injection and start-up
The start-up of small aspect ratio tokamaks, or spherical tori (ST), is an example where a transient
excitation of MHD modes may be beneficial. With the configuration’s small center stack, geometry and
material properties limit the available magnetic flux swing for inductive current drive. This has led to
exploration of electrostatic helicity injection for start-up in HIT-II at the University of Washington, in
NSTX at Princeton Plasma Physics Laboratory, and in the Pegasus ST at the University of Wisconsin—
see Refs. [26-28]. The start-up takes place in a manner similar to electrostatic drive for spheromaks, but
the intent is to create an equilibrium from which Ohmic current drive can proceed efficiently. Depending
on how the electrostatic injection is applied [26], MHD activity and magnetic relaxation [29,30] may be
part of the process.
Modeling electrostatically assisted start-up in ST requires the ability to reproduce helicity injection
in a vacuum toroidal field and Ohmic current drive, and significant progress has been made in this area.
The former is similar to the current drive modeling in spheromaks described above and has been
accomplished for cylindrical [31] and ST configurations [32]. To model the recent Pegasus experiments
that have current injected from a miniature plasma gun [28], we have used the combined nonlinear
MHD/collisional transport model with temperature-dependent resistivity. The gun is represented by
localized electrostatic potential and temperature distributions on the bottom boundary of the domain (see
Fig. 5), and vacuum toroidal and vertical magnetic fields are imposed. As the solution is advanced in
time, the induced current flows along a helical channel with a pitch that is dictated by the vacuum field.
Plasma along the helical channel is heated by Ohmic dissipation, so the temperature and conductivity
distributions also become helically concentrated. Additional work is needed to model the merging of the
helical channel as current is increased [28], where the self-induced fields compete with the applied
vertical field.
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Figure 5. Contour plots of the applied temperature boundary condition (left) with a hot spot representing
the miniature plasma gun in Pegasus. Isosurfaces of parallel current density (J||/B, right) show the helical
current channel that results with applied potential.
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The second requirement for modeling electrostatically assisted start-up is a realistic Ohmic-drive
evolution. While it is easy to apply loop voltage in simulations with constant resistivity, the current
distribution in tokamaks is heavily influenced by temperature-dependent effects. Simulations of Ohmic
start-up have been completed with NIMROD including Spitzer resistivity and a realistic vertical-field
evolution [33]. Anisotropic thermal conduction keeps the resistivity high in the open-field region, and
current becomes localized to the growing region of nested closed-flux surfaces in a physically meaningful
way.
3.4. Numerical Modeling
The simulations performed for this study have been carried-out with the NIMROD code
(http://nimrodteam.org), which has been developed by a multi-institutional team through the support of
other grants. A description and analysis of the numerical algorithm are provided in Ref. [24]. The code
solves fluid-based models of plasma dynamics, and here we have used non-ideal magnetohydrodynamics:
∂n
+ ∇ ⋅ (nV ) = ∇ ⋅ D∇n
∂t

(1)

⎞
⎛ ∂V
+ V ⋅ ∇V ⎟⎟ = J × B − ∇p + ∇ ⋅ ρν∇V
⎠
⎝ ∂t

ρ ⎜⎜

(2)

[

(

)]

⎞
ηJ 2
nk ⎛ ∂T
p
⎜⎜
+ V ⋅ ∇T ⎟⎟ = − ∇ ⋅ V + ∇ ⋅ nk χ||bˆ bˆ + χ ⊥ I − bˆ bˆ ⋅ ∇T +
γ − 1 ⎝ ∂t
2
2
⎠

(3)

∂B
= ∇ × (V × B − ηJ )
∂t
μ0J = ∇ × B

(4)
(5)

where p ≡ 2nkT is the sum of electron and ion pressures, and bˆ ≡ B B is the evolving magnetic

direction vector field. The simulations consider n, T, V, B, and J (number density, temperature, flow
velocity, magnetic induction, and charge-current density, respectively) to be functions of all three spatial
dimensions and time, so magnetic fluctuations and anisotropic heat flow (where used) are modeled
explicitly. In the SSPX and Pegasus electrostatic current-injection simulations, the parallel and
perpendicular

thermal

diffusivities

are

temperature

dependent,

χ|| = 387 T 5 / 2

m2/s

and

χ ⊥ = 0.50 T −1 / 2 B −2 m2/s (B in Tesla) based on electrons and ions [23], respectively, for a hydrogen
plasma at n=5×1019 m-3. The numerical computation of χ⊥ is simplified by using the toroidal average
(indicated by
, hereafter) of the evolving temperature and magnetic induction fields. The numerical
capability of modeling temperature-dependent collisional heat-transport has been developed through
support from this grant. The code modifications have been made available to collaborators and to the
NIMROD Team.
Some of the PPCD simulations have also been conducted with finite plasma pressure; however, most
have focused on current-driven MHD activity, and a simplified model is used. Equations (2), (4), and (5)
are evolved without the pressure gradient term in (2), which represents the low-β, high compressibility
limit of the MHD model.
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