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Recent experiments from the Large Helical Device (LHD) indicate that the plasma flow can play
a primary role in “healing” vacuum magnetic islands in stellarators. The observed elimination of
magnetic islands tends to occur at low collisionality and high plasma β. A model explaining this
phenomenon is developed reminiscent of ’mode locking/unlocking’ physics of tokamak and reversed
field pinch experiments. The theory describes transitions between two asymptotic solutions, a state
with a large nonrotating island and a state where rotation shielding suppresses island formation.
Transitions between these two states are governed by coupled torque balance and island evolution
equations. In conventional stellarators, neoclassical damping physics plays an important role in
establishing the flow profiles. The balance of neoclassical damping and cross-field viscosity produces
a radial boundary layer for the plasma rotation profile outside the separatrix of a locked magnetic
island. The width of this boundary layer decreases as the plasma becomes less collisional. This
has the consequence of enhancing the viscous torque at low collisionality making healing magnetic
islands occur more readily in high temperature conventional stellarators.

I.

INTRODUCTION

Magnetic island physics has been a major topic of interest to the stellarator community. One of the primary
reasons for this is that general three-dimensional solutions to the magnetostatic equilibrium equations are not
guaranteed to be described by topologically toroidal magnetic flux surfaces. Pressure induced magnetic islands
and their subsequent overlap is thought to be a primary
mechanism for equilibrium β limits. As such, the elimination of magnetic islands is often used in optimizing
stellarators. However, there are occassions where magnetic islands have beneficial effects. In stellarators, island structures can be utilized in diveror design [1] and
for creating transport barriers [2, 3]. Additionally, applied resonant magnetic perturbations have been used to
improve the performance of tokamaks operating in Hmode [4]. The careful use of applied 3-D magnetic fields
may be used to improve plasma peformance [5].
Studies on the Large Helical Device (LHD) have been
undertaken to understand the plasma response to a magnetic island introduced into the vacuum configuration [6].
The nonlinear growth or suppression of the magnetic island is systematically studied as a function of plasma
parameters. Recently, it has been reported that abrupt
changes in the plasma rotation properties are correlated
with the suppression of the vacuum magnetic island [7].
These results can be understood by considering the coupled torque balance and island evolution equations. In
the following, a theoretical formulation for use in interpreting the experimental results is developed. The theory
generalizes previous analytic calculations in cylindrical
geometry for tokamak and reversed field pinch applications [8]. In this work, particular emphasis is made on
the important role neoclassical physics has in describing
the flow profiles of conventional stellarators.
In the LHD experiments, external 3-D coils are intentionally applied to produce a magnetic island chain at a
low-order rational surface of the vacuum configuration.

Heating via neutral beam injection produces finite beta
plasmas. By varying the field strength, density and heating power a dependence of the magnetic island evolution
on plasma parameters is observed. Both magnetic island growth and healing is seen with the two disparate
plasma responses distinguished by a sharp boundary in
a parameter space defined by the plasma β and collisionality at the rational surface. Generally, at low β and
high collisionality, the plasma tends to make the island
grow in width. However at sufficiently high β and/or
low collisionality, the plasma abruptly changes to a configuration with no island. Associated with this sudden
loss of the magnetic island is a change in the poloidal
rotation profile. In the presence of a locked island, the
plasma rotation is inhibited at the rational surface. After
the transition to the no island state, rotation is observed
at the rational surface. The primary goal of the present
calculation is to provide an explanation for this behavior
and the experimental dependence on plasma parameters.
The phenomenology reported in the LHD island experiments has similiarities to observations of magnetic island
physics in tokamaks [9] and reversed field pinch experiments [10, 11] in the presence of externally produced resonant magnetic fields. Intrinsic or applied 3-D external
magnetic perturbations whose harmonic structure corresponds to a resonant surface in the plasma affects the
growth and rotation properties of magnetic islands associated with the resonant surface. In tokamaks, generally
two classes of problems arise. For tearing stable plasmas, the external resonant magnetic field can provide a
source for producing a magnetic island. The penetration of this field is inhibited by plasma rotation. However, at sufficiently large 3-D field amplitude, the resonant field produces a forced reconnection at the rational
surface. Associated with mode penetration is a change in
the rotation profile with rotation at the rational surface
abruptly changing to zero. The second class of problems
is associated with the interaction of a rotating magnetic
island with an external resonant 3-D field. After a criti-
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cal field amplitude is breached, the island ceases to rotate
and becomes ’locked’ to the external 3-D field error. In
both cases, an island appears in the plasma that is phase
locked to the external 3-D field. Mode locking is to be
avoided in tokamaks as it often leads to disruptions.
A theoretical paradigm for understanding the interaction of tearing modes (both stable and unstable) with
resonant 3-D magnetic fields produced from an external
source has been developed [8]. In this work, the amplitude and phase of the magnetic island is determined
by coupled electromagnetic and fluid flow information.
The conventional matched asymptotics procedure is used
to calculate either a linear layer response or a modified
Rutherford theory for the island width evolution. The
plasma rotation properties enter through a torque balance equation at the rational surface. This theory predicts ’locking’ thresholds when the plasma transitions
from high rotation, small island states to small rotation, large island states. The theory also predicts an ’unlocking’ threshold for the reverse transition. A hallmark
of these theories is hysteresis. Generally, the unlocking
threshold differs from the locking threshold.
Finite β healing of vacuum magnetic islands in stellarator configurations has been a topic of prior numerical and
analytic study [12]. Plasma pressure effects alter nonlinear island widths through resonant Pfirsch-Schlüter currents [13–17]. If the phase of the resonant magnetic field
produced by these currents is 180o out of phase with respect to the phase of the island producing vacuum magnetic field, pressure effects tend to counteract the vacuum
magnetic island. At a critical β, the Pfirsch-Schlüter effect can exactly cancel the external 3-D field and the island is healed. At yet higher β, pressure effects produce
an island with a flipped phase relative to the vacuum
island. Bootstrap currents can also produce finite β contributions that are favorable to nonlinear island suppression [18]. In tokamaks, these effects produce neoclassical
tearing modes. However, in stellarators with the correct choice of bootstrap current direction and rotational
transform shear, these effects can be highly stabilizing
[19]. Efforts to explain the observed island physics of
LHD using finite-β Pfirsch-Schlüter or neoclassical theories have not been successful [6].
In the following calculation, we apply the theory developed by Fitzpatrick for cylindrical plasmas [8] to stellarator geometry. Analytic theories for nonlinear island
widths in three-dimensional equilibria closely resembles
nonlinear tearing mode theory [12, 14, 15]. Following this
prescription the desired island width evolution equation
is produced. The effect of the external 3-D field perturbation on the island width enters through the ’cosine’
contribution to the asymptotic matching. The ’sine’ component of the external 3-D field enters through the torque
balance equation. Generally, in a finite β equilibrium, the
field perturbation produces eddy currents at the rational
surfaces and localized J × B torques. In the conventional
cylindrical theory, this torque is balanced by a viscous
torque associated with changes in the plasma rotation

and a phenomenological cross-field viscosity. However rotation properties are influenced by neoclassical physics.
In low collisionality conventional stellarators, large neoclassical transport is predicted with transport coefficients
that scale inversely with collision frequency [20]. This
large neoclassical transport can be lowered through the
presence of sufficiently large radial electric fields. However, for a locked island the radial electric field is small
since rotation at the rational surface is inhibited. The rotation profile is determined by a combination of neoclassical transport and cross-field viscosity. In the presence of
large 1/ν neoclassical transport, a boundary layer in the
rotational profile develops. This has the consequence of
enhancing the viscous torque at low collisionality. Hence,
suppression of magnetic islands through rotation occurs
more readily at lower collisionality, a trend that is in
agreement with the experimental observations [6].
In the following section, a brief review of analytic island
theories of 3-D equilibrium configurations in the presence
of a vacuum magnetic island is presented. In Section III,
the properties of the plasma flows in the island region and
a derivation of the torque balance equation is presented.
In this section, special consideration is given to the role
of neoclassical physics. In Section IV, a prediction for
the spontaneous suppression of a vacuum magnetic island as a function of the rotation properties is derived
using information from Sections II and III. In Section V,
a prediction for the penetration of a 3-D resonant field
into a rotating plasma is given. These two calculations
produce different transition thresholds indicative of the
hystersis effect. Finally, this work is summarized in Section VI.

II.

MAGNETIC FIELDS

In this section, the theory of nonlinear magnetic island formation is reviewed with an emphasis on the role
of the externally produced 3-D resonant magnetic fields.
An isolated magnetic island chain at the rational surface
-ι = -ιo ≡ no /mo is considered with the island width w assumed small relative to equilibrium lengthscales. Specifically, the ordering
δ=

w
 1,
Leq

(1)

is used throughout the calculation. Perturbed quantities associated with island producing fields are assumed
to vary rapidly in the “radial” variable (across magnetic
surfaces) but have order unity variations in other variables.
The primary problem of interest is of direct relevance
to the experiments described in Refs. [6] and [7] where a
magnetic island is present in the vacuum configuration.
The goal is to calculate the conditions for the plasma
flows to ’heal’ this island.
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A.

Island producing fields

The magnetic field is written as the sum of an equilibrium field with robust magnetic surfaces and an island
producing magnetic field.
B = B0 + B1 .

(2)

Here Bo satisfies B0 · ∇ψ = 0 where ψ labels topologically toroidal magnetic surfaces. We write this field using
Boozer coordinates [21]
B0 = ∇ψ × ∇θ + -ι∇φ × ∇ψ = g∇φ + I∇θ + h∇ψ, (3)
where θ and φ represent the poloidal and toroidal angles,
respectively and the rotational transform -ι is a function
of the toroidal flux function ψ. The quantities g and I are
flux functions and h is a function of all three coordinates
in general. The formation of an island at the rational
surface -ιo = no /mo is considered due to a magnetic field
of the form B1 · ∇ψ/B0 · ∇φ = mo Ao sin(no φ − mo θ).
It is convenient to switch coordinates from (ψ, θ, φ) to
(ρ, α, ζ) given by
α = θ − -ιo φ,
ζ = φ,

(4)
(5)

and ρ a radial-like variable derived from ψ = ψ(ρ) ∼ ρ2 .
√
The Jacobian is given by g = 1/∇ · ρ × ∇α · ∇ζ = eρ ·
eα ×eζ = γψ 0 /B 2 where γ = g +ι-I = B0 ·[eζ +(ι- −ι-o )eα ].
The perturbed fields due to the magnetic island can be
written [22]
B1 = ∇A × ∇ζ + ∇χ × ∇α,

where -ι0o ≡ dι-/dρ(ρ = ρo ) and x = ρ − ρo . From Eq. (10),
the island width can be derived and is given by
s
Ao
(11)
w = 4 | 0 0 |.
-ιo ψ
In writing Eqs. (7) and (10), a small island width expansion (δ = w/Leq  1) is utilized
In the absence of any plasma response the perturbed
fields B1 are solutions to the vacuum equations (∇·B1 =
∇ × B1 = 0) subject to a boundary condition describing
the external source. Following the prescription described
above, the vacuum island width can be defined again assuming a dominant single harmonic approximation to the
vacuum solution, AV = AVo cos(mo α − φV ) with the vacuum island width given by
s
AV
wV = 4 | 0 o 0 |.
(12)
-ιo ψ
The quantity φV denotes the phase of the vacuum island.
In the definition of the helical flux, Eq. (10), the coordinate α is chosen so that the phase of the island has an
O-point at mo α = 0 (mo α = ±π) for -ι0o > 0 (< 0) and
an X-point at mo α = ±π (mo α = 0) for -ι0o > 0 (< 0).
While in the vacuum configuration, the difference in the
phase between the island and the vacuum island is zero
(∆φ = 0), in the general finite-β case a non-zero phase
shift will be present.

(6)
B.

where helically resonant components of A produce the
symmetry breaking magnetic field responsible for the island. The sum of the two fields can be written using the
(ρ, α, ζ) coordinate system in the form
B = ∇[ψ(ρ) + χ] × ∇α + ψ 0 ∇ζ × ∇Ψ∗ ,

(7)

where ψ 0 ≡ dψ/dρ(ρ = ρo ) and the helical flux function
Ψ∗ is given by the approximate formula in the vicinity of
the island
Z
A
Ψ∗ = dρ[ι-(ρ) − -ιo ] − 0 ,
(8)
ψ
with -ιo ≡ -ι(ρo ). In general, the quantity A can have a rich
magnetic spectrum. The relevant component for island
formation corresponds to the helically resonant part of
the spectrum that is independent of ζ at fixed α.
I
dζ
A(α) =
A(α, ζ).
(9)
2π
Using a single harmonic approximation for A =
A(ρo , α) = Ao cos(mo α), the helical flux function describing the magnetic island flux surfaces is written
1
Ao
Ψ∗ = -ι0o x2 − 0 cos(mo α),
2
ψ

(10)

Asymptotic matching

To describe the effects of the plasma response, the theoretical machinery of nonlinear tearing modes is utilized.
In this calculation, the plasma response is treated differently in two distinct plasma regions and matched asymptotically.
Away from the rational surface, the marginal ideal
magnetohydrodynamic (MHD) equations are solved assuming a linear response. These equations are solved subject to boundary conditions and as such, are affected by
the presence of the external source for the vacuum magnetic islands. In general, the perturbed vector potential
can be written in Fourier series A = ΣAmn (ρ)eimθ−inζ .
Due to the singular nature of the marginal ideal MHD
equations, generally a discontinuity in the solutions is
present at each harmonic’s rational surface. In a cylindrical plasma, each m/n harmonic can be treated independently and the jump discontinuity is quantified by the
parameter ∆0 defined in the zero β limit as
∆0mn =

1
dAmn ρo +
| .
Amn (ρo ) dρ ρo −

(13)

With finite β, ∆0mn is defined as the jump discontinuity in the ratios of the small to large solutions of the
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Frobenius expansion [23]. In the absence of the external source, ∆0mn is a measure of the free energy for
tearing mode growth. Low-current stellarators typically
satisfy ∆0mn < 0 indicating stability to tearing modes.
In toroidal plasmas, rational surfaces with a common
toroidal mode number n are coupled together in the exterior region. In this case, the collection of individual
∆0mn ’s for each rational surface is replaced by a matrix
of matching data which describes how the presence of an
island at a particular rational surface affects the island
growth properties at coupled rational surfaces. In general three-dimensional systems, the degree of geometric
coupling is even more complicated owing to both toroidal
and helical shaping generally present in stellarators.
To simplify the analysis in the following, we concentrate on the dynamics of a single isolated island chain at
the -ιo = no /mo surface and assume that the responses
of coupled magnetic surfaces is negligible. Noting that
the exterior region is governed by a linear equation and
that the effect of the exterior source enters through a
boundary condition, the quantity ∆0mo no will have a contribution linearly proportional to AV . In particular
∆0mo no = ∆0o + ∆0BC ,

(14)

∆0o

where
represents the asymptotic matching data in the
absence of the external source and describes the inherent
stability properties of the plasma and ∆0BC is proportional to AV . Additionally, a finite phase shift between
the magnetic field associated with the locked island at the
rational surface and the external source is allowed. The
‘cosine’ component corresponds to a contribution that affects the nonlinear island width and the ‘sine’ component
enters into torque balance. Denoting these two different
components ∆0c and ∆0s , we have
AV
cos(∆φ)],
Ao
AV
sin(∆φ),
∆0s = −kv ∆0o
Ao

∆0c = ∆0o [1 − kv

(15)
(16)

where the island resolved currents used to describe the
plasma response are inserted in the integrals. In the vaccum limit (J1 · B0 = 0), ∆0c = ∆0s = 0 and hence the
solution ∆φ = 0 and A = AV is recovered.
C.

Electromagnetic torques

In the island region, the effects of the magnetic island
topology are included in a standard boundary layer calculation assuming large ρ derivatives on perturbed quantities. Currents in the island region are calculated and then
subsequently matched to the exterior data by the asymptotic matching procedure defined in Eqs. (18) and (19).
Since the primary problem of interest here is the supression of vacuum magnetic islands whose width is assumed
large compared to the resistive linear layer, the relevant
approach is to use Rutherford theory for nonlinear island growth [24]. As noted in the matching conditions,
the currents are segregated into ‘cosine’ components and
’sine’ components. The ’cosine’ currents affect the nonlinear island growth evolution. A number of physical effects including Pfirsch-Schlüter [13], resistive interchange
[12, 14, 15], bootstrap [18, 19] and ion polarization currents [25] can be included in the problem. For simplicity,
these effects are neglected for the moment, but can be
included in a more general problem. As such, the relevant island evolution equation is obtained from a resistive
Ohm’s law (E · B = ηJ · B) and results in [24]
k1

µo dw
= ∆0c ,
η dt

(20)

where η is the plasma resistivity and k1 ≈ 0.8. In the
island saturation state (dw/dt = 0), the island width is
simply given from ∆0c = 0 which yields an equation for
the island width given by
p
w = wV kv cos(∆φ).
(21)

To make further progress, an equation for the phase difference ∆φ is required. This will be determined from the
where kv is an order unity parameter that is a function of
torque balance relation detailed in the following section.
the plasma equilibrium. In vacuum, kv = 1. As viewed
The presence of a nonzero ∆0s implies the presence of a
from the exterior region, the quantities ∆0c and ∆0s delocalized eddy current in the island region that produces
note localized current responses at the rational surface.
an electromagnetic torque. To make a connection beCrudely, this can be written with a δ-function like retween the asymptotic matching condition Eq. (19) and
sponse
torque balance, properties of the currents in the island
J 1 · B0
ρρ
0
0
−µo γ
≈ δ(ρ−ρo )g Ao [∆c cos(mo α)+∆s sin(mo α)]. region are considered.
B2
Before proceeding to the torque calculation, the role
(17)
of the second perturbed field proportional to ∇χ is disρρ
where g = ∇ρ · ∇ρ. With this, the conventional matchcussed. In the island region, the primary role of this field
ing conditions of tearing mode theory are identified.
is to maintain radial force balance. Taking the eρ proZ
Z 2π
Z
jection of the steady state momentum balance equation
dα 2π dζ
µo γ J1 · B0
0
− dx
cos(mo α) ρρ
= ∆c Ao ,
using the small island approximation yields
π 0 2π
g
B2
0
(18)
∂
Z
Z 2π
Z 2π
(B0 · B1 + µo δp) = O(δ),
(22)
dα
dζ
µo γ J1 · B0
∂ρ
0
− dx
sin(mo α) ρρ
= ∆s Ao ,
π 0 2π
g
B2
0
where δp denotes the difference in the equilibrium pres(19)
sure profile with the island present relative to the pressure
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profile without the island. Using the representation given
above, the perturbed radial momentum balance equation
is given by
∂ 2 χ I ∂ 2 A µo ψ 0 ∂δp
−
+
= O(δ),
∂ρ2
γ ∂ρ2
B 2 ∂ρ

(23)

where γ = g + -ιo I + O(δ). This formula and the use of
the magnetic field representations allows one to write the
leading order perturbed currents
µo J1 = −

∂ 2 A g ρρ
B0 × ∇ρ ∂δp
B0 +
+ O(δ).
2
∂ρ γ
B2
∂ρ

(24)

The flux surface averaged torques are defined in the eα
and eζ directions by
Z

2π

Z

√

2π

eα · J × B

TEM α =
0

Z

0
2π

Z

√

2π

eζ · J × B

TEM ζ =
0

0

g

g ρρ
g

g ρρ

dζdα,

(25)

dζdα,

(26)

where g = 1/∇ρ · ∇α × ∇ζ. In the exterior region
where ideal MHD governs the dynamics, these torques
are identically zero. Hence, TEM α and TEM ζ are localized
to the island region. Using Eqs. (7) and (24) for the fields
appropriate to the island region, one derives
Z
2πψ 0 2π
∂A ∂ 2 A
TEM α = −
dα
.
(27)
µo γ 0
∂α ∂ρ2
From the single harmonic approximation of Eq. (10), this
becomes
Z 2π
2πψ 0
∂2A
(28)
TEM α =
mo Ao
dα sin(mo α) 2 .
∂ρ
µo γ
0
Integrating this equation in ρ to obtain TEM 0 one finds
Z
2π 2 ψ 0
TEM 0 ≡ dx TEM α =
mo A2o ∆0s ,
(29)
µo γ
which is related to the asymptotic matching condition
defined in Eq. (19). Using Eqs. (12), (16) and (21), an
expression for the electromagnetic torque can be derived
π 2 ψ 03 mo kv2 (−∆0o ) 0 2 V 4
(ι-o ) (w ) sin(2∆φ). (30)
µo γ
256

The above equation describes the integrated torque over
the island region produced by the external resonant magnetic perturbation as a function of the phase shift ∆φ. In
order to find a self-consistent solution for ∆φ, one needs
to balance this torque against that from currents flowing
in the island region that contribute to the ‘sine’ component of the asymptotic matching.
From Eq. (24), one can show
TEM ζ
∼ O(δ).
TEM α

Noting ∂A/∂θ = −(mo /no )∂A/∂φ, the expected property TEM θ = −(mo /no )TEM φ is obtained. The dominant
electromagnetic torque is in a direction mutually perpendicular to the normal to the flux surface and the magnetic
field direction.
III.

√

TEM 0 =

TEM ζ to leading order in δ is the parallel component of
the electromagnetic torque which is small relative to the
term calculated in Eq. (30). In the cylindrical limit, this
is expressed by the identity TEM θ = −(mo /no )TEM φ [8].
This property can also be derived from the expressions
Z
Z
√
g
2πψ 0
∂A ∂ 2 A
TEM θ = eθ · J × B ρρ dθdφ = −
dθ
,
g
µo γ
∂θ ∂ρ2
(32)
Z
Z
√
0
2
g
2πψ
∂A ∂ A
TEM φ = eφ · J × B ρρ dθdφ = −
dθ
.
g
µo γ
∂φ ∂ρ2
(33)

(31)

PLASMA FLOWS AND VISCOUS
TORQUES

To calculate the self-consistent phase shift for the island, the ’sine’ component of parallel current in the island region is required. In steady-state, these currents
are typically associated with dissipative physics. In the
absence of an external 3-D magnetic field source, the
torque balance equation establishes the natural frequency
of a rotating island [25]. While density, temperature and
electrostatic potential profiles are flat within the island
separatrix, profile gradients and associated fluid plasma
velocities exist outside the plasma. When an island is
locked to the external source, the phase velocity at the
rational surface is precisely zero and therefore uniquely
determines the plasma flow at the rational surface. The
requirement that the rotation profile be fixed at ρ = ρo
is generally in conflict with the solution deduced for the
rotation profile from neoclassical and turbulent transport
and momentum sources. Recall from the results of the
last section, the electromagnetic torque is localized to the
island region. Steady state momentum balance is maintained by balancing this torque with a viscous torque in
the island region. The viscous torque is characterized
by a phenomenological cross-field viscosity coefficient [8].
The torque balance equation produces a prediction for
the phase shift ∆φ between the island and the external
source.
The torque balance relation requires rotation profile
information outside the island separatrix. In conventional axisymmetric tokamaks, one typically finds that
the localized electromagnetic torque affects the toroidal
rotation profile globally. To a large extent this is due to
the neoclassical physics operative in a tokamak where
toroidal rotation to leading order is undamped while
poloidal rotation is strongly damped on the ion-ion collision timescale. (In the presence of three-dimensional
fields, toroidal rotation is also damped, but in practice

6
there is generally vast disparity in the poloidal to toroidal
damping rates [26]). However, in conventional stellarators the neoclassical damping rates of the poloidal and
toroidal rotation are typically comparable. This difference in neoclassical physics produces differences in the
amplitude of the viscous torque in conventional stellarators relative to axisymmetric configurations. What is
demonstrated in the following is that a boundary layer
in the rotational profile in the vicinity of the magnetic
island develops due to the balance of the neoclassical
physics and the cross-field viscosity. This has the consequence of producing larger viscous torques as the rotation boundary layer becomes smaller. The width of
this boundary is determined by the strength of the neoclassical transport. In high temperature stellarators, the
flow damping coefficients scale inversely with collision frequency (corresponding to the 1/ν regime of neoclassical
cross-field transport). Hence, a smaller collisionality produces a larger viscous force. For the same natural rotational value and external field strength, it is easier to
heal magnetic islands in a conventional stellarator than in
the corresponding tokamak. Parenthetically, we also note
that this physics provides a natural mechanism to produce large sheared E × B velocity profiles in the vicinity
of magnetic islands. Hence, this physics can provide an
alternative explanation of the observed transport barriers near magnetic islands in stellarators [2, 3] that differs
from theories that rely on the presence of the magnetic
island from altering the flow damping properties [27].
A.

with Ωθ = (g/ψ 0 γ)(Φ0 + p0i /ni qi ) + -ιv|| B/γ, Ωφ =
−(I/ψ 0 γ)(Φ0 + p0i /ni qi ) + v|| B/γ, Φ0 = dΦ/dρ and p0i =
dpi /dρ. Transforming to the coordinates more convenient
to island physics, the flow can also be written
v = Ωα eα + Ωζ eζ .

(37)

Using with the transformation identities eθ = eα and
eφ = eζ − ιo eα , one finds
1 0
p0i
(Φ
+
) + O(δ),
ψ0
ni q i
v|| B
I
.
Ωζ = Ωφ = − Ωα +
γ
γ

Ωα = Ωθ − -ιo Ωφ =

(38)
(39)

While Ωα is a flux function to leading order Ωζ varies
within the flux function due to Pfirsch-Schlüter flow effects. Generally, the parallel flow satisfies
< v|| B >
v||
p0
= (Φ0 + i )kps +
,
B
ni q i
B2

(40)

where kps is determined by
B × ∇ρ
),
(41)
B2
RR
√
subject to the constraint
dζdα gkps B 2 = 0.
Solutions to the steady state momentum balance equations establish the flow profiles. The flux surface average
of the eα projection of the steady state momentum balance yields
(B· ∇)kps = −∇ · (

Flows in the absence of islands

As finite β plasmas are produced, the plasma flow generally rises due to both applied torques (e. g., neutral
beam injection) or as a result of self-consistently generated radial electric fields needed to obtain ambipolar
neoclassical transport. To describe the evolution of the
flow profile, a momentum balance equation of the form
dv
= J × B − ∇p − ∇ · ~
~π + ∇ · (ρM ν⊥ ∇v) + S, (34)
dt
~π the viscous stress
is used where ρM is the mass density, ~
tensor and S external momentum sources. We also include a cross-field viscous force with a phenomenological viscosity coefficient ν⊥ meant to model turbulent and
collisional processes that are not described by ∇ · ~~π . In
the absence of the island, one can solve for the rotation
profiles. In this case B · ∇ρ = 0 and the bulk flows
can be determined from lowest order momentum balance
E + v × B = ∇pi /ni qi :
ρM

dΦ
1 dpi B × ∇ρ v||
v=(
+
)
+ B,
dρ
ni qi dρ
B2
B

(35)

where Φ is the electrostatic potential and pi , ni and qi
are the ion’s pressure, density and charge. Alternatively,
the flows can be written
v = Ωθ eθ + Ωφ eφ ,

(36)

0 = −ψ 0 < J · ∇ρ >o − < eα · ∇ · ~~π >o
+ < eα · ∇ · (ρM ν⊥ ∇v) >o + < eα · S >o ,

(42)

where
Z 2π Z 2π
1
√
< f >o = 0
dαdζ gf,
(43)
V 0
0
R 2π R 2π
√
and V 0 = 0 0 dαdζ g. Here, the general function f
is expressed as a function of ρ, α and ζ so that < f >o
is purely a function of ρ. By requiring < J · ∇ρ >o = 0
in steady state, the above expression can be used to determine the radial electric field. The second term in Eq.
(42) describes neoclassical transport in three-dimensional
configurations and can be written
X
< eα · ∇ · ~~π >o = −ψ 0
qs < ~Γneo
· ∇ρ >o .
(44)
s
s

In conventional stellarators, generally the requirement of
non-ambipolar neoclassical transport ~Γneo
= ~Γneo
proe
i
duces an equation for the radial electric field or alternatively Ωα as functions of the plasma density and temperature gradients. In stellarator configurations, due to the
lack of intrinsic ambipolar transport, mulitple solutions
to the radial electric field profile can be obtained [28–33]
which complicate this analysis. Nevertheless, formally a
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solution to the equilibrium flow profile transport equations can be deduced.
To make analytic progress, a further refinement of the
neoclassical transport processes is required. In high temperature conventional stellarators, the operative neoclassical transport regime is the 1/ν regime where cross-field
transport coefficients vary inversely with the collision frequency. These high transport rates can be reduced by
allowing for radial electric fields of sufficient magnitude.
However, since a description of the transition region near
the island where the radial electric field is small is desired, these high electric field corrections are ignored for
simplicity. As such, the neoclassical transport can be
written

∗

By setting < J · ∇Ψ >= 0, a transport equation for
< Ωα > is obtained. Following the same procedure suggested in Eq. (45) for the neoclassical transport, Eq. (48)
can be written in the vicinity of the magnetic island
< Ωα >= Ωα
0
+δr2

d < x4 (g ρρ )2 /B 2 > d < Ωα >
-ι02 < x >2
[
],
2
ρρ
2
cr < x g /B > dΨ∗
<x>
dΨ∗ < x >
(49)

where cr =< (g ρρ )2 /B 2 > / < g ρρ /B 2 > and Ωα
0 given
by
α
Ωα
0 =< Ωamb,i > +

νi < xeα · S >< x >
2
ωti ρM C1/νi < x2 ψ 02 g ρρ /B 2

, (50)
2
>
ωts
g ρρ
p0s
Ts0
0 qs
e<
>o = −C1/ν ρM
< 2 >o [Φ
+
+ ks ]
νs
B
e
ns e
e
is the rotation profile as determined by sources and neo2
ωts
ψ 0 g ρρ
qs α
α
classical transport. The effects of cross-field viscosity are
= −C1/ν ρM
<
>o [Ω − Ωamb,s ], (45)
νs
B2
e
described by the last term in Eq. (49) with
~Γneo
s

where νs is the collision frequency, ωts = vts /Ro is the
transit frequency with vts the thermal velocity of species
s, Ro the major radius, p0s = dp/dρ, Ts0 = dTs /dρ and
ks ∼ 1. The dimensionless parameter C1/ν in the zero
3/2
radial electric field limit scales as C1/ν ∼ ef f where ef f
is a measure of the effective helical ripple [34]. Using the
expression as given in the second form for Γneo
demons
strates that Eq. (42) can by viewed as a transport equation for Ωα as a function of the sources and equilibrium
density and temperature profiles.
B.

Flow profile in the presence of an island

In the presence of a locked magnetic island of sufficient width, the density, temperature and electrostatic
potential profiles equilibrate on the helical magnetic surfaces of the island Ψ∗ given in Eq. (10). This can be
seen by noting that the leading order parallel Ohm’s
law, density and pressure evolution are governed by
B · ∇Φ + B · ∇pe /ne e = 0, vE · ∇n = vE · ∇ps = 0.
In this limit, the Ωα takes the form
Ωα =

1 dΦ
1 dpi 0
x
[
+
]ι- x =< Ωα >
,
ψ 0 dΨ∗
ni qi dΨ∗
<x>

(46)

δr2 =

cr ν⊥ νi
,
2C
ωti
1/νi

measuring the relative strength of cross-field viscosity to
neoclassical transport. Here, we have taken the ‘ion root’
which is the pertinent case for solutions for small Er . In
writing the above, it is assumed that the basic functional
form for the neoclassical transport is unaffected by the
presence of the island. However, the coefficient for the
neoclassical transport C1/ν is modified by the island [27].
For high temperature stellarators with sufficiently
large ef f , the characteristic distance δr satisfies δr 
Leq . In this case, the cross field viscosity plays a weak
role, and the solution < Ωα >= Ωα
0 is expected. However, in the presence of a locked island, the rotation at
∗
∗
the island sepatrix < Ωα (Ψ = Ψsx ) > is determined by
the no-slip condition assumed for the island. This condition provides an additional internal boundary condition
for the flow profile. Noting that this internal boundary condition is generally inconsistent with the solution
< Ωα >= Ωα
0 , a boundary layer solution of radial width
δr outside the island separatrix is required. In the asymptotic limit δr ∼ X∗  w, the transport equation Eq. (49)
simplifies to
2
< Ωα >= Ωα
0 + δr

where
∗
√
dαdζ gx−1 f (Ψ , α, ζ)
,
R 2π R 2π
√ −1
dαdζ
gx
0
0

R 2π R 2π
< f >=

0

0

(47)

∗

with < f > being a function of Ψ only. In this expression
∗
all quantities are expressed as functions of Ψ , α and ζ.
To calculate the flow profile, the same procedure used to
construct Eq. (42) can be followed with the result
ψ0
∗
< J · ∇Ψ > − < xeα · ∇ · ~
~π >
-ι0
+ < xeα · ∇ · (ρM ν⊥ ∇v) > + < xeα · S > .
0=−

(48)

(51)

d 2 < Ωα >
,
dX∗2

(52)
∗

where the radial-like coordinate X∗ is defined by Ψ −
∗
Ψsx = -ι0 X∗2 /2. The solution to Eq. (52) subject to the
boundary conditions previously discussed is given by
α −|X∗ |/δr
< Ωα >= Ωα
,
0 − ∆Ω e

(53)

α
∗
∗
where ∆Ωα = Ωα
0 − < Ω (Ψ = Ψsx ) > denotes the difference in the value of the flow at the rational surface
α
α
from Ωα
0 . For a locked island, ∆Ω = Ω0 . For radial
extents comparable to the island width, there is no simple analytic expression from the solution of the transport
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equation. Nonetheless, it is clear that δr sets the radial
scale for the boundary layer solution for the flow profile.
Hence, we can formally write the solution to Eq. (49) as
α
< Ωα >= Ωα
0 − ∆Ω fr (

X∗ w
, ),
δr δr

(54)

with the asymptotic solution fr = e−|X∗ |/δr in the small
island limit. The flow profile described in Eq. (54) is
similar to the equivalent locked island calculation for
the toroidal flow velocity in tokamaks when neoclassical
toroidal viscosity is present [35].
C.

Viscous torques

To see how the physics of the flow profile affects the
island, the current response associated with these flows is
included in the asymptotic matching. For torque balance,
the condition of interest is Eq. (19) which can be written
in a slightly different form
Z ∞
Z
Z
dα
dζ √
γµo
∆0s Ao =
dΨ∗
g 0
∇ · J⊥ ,
π
π
ι
A
mo g ρρ
o
−Ao
(55)
where the quasineutrality equation B · ∇(J1 · B0 /B 2 ) =
−∇ · J⊥ to leading order is used. [In writing the integral
over Ψ∗ , -ι0o > 0 is assumed. If -ι0o < 0, the integration
range is from Ao to −∞.] From Eq. (29), the torque
balance can be written
Z
Z
Z
√
g
2ψ 0 ∞
dΨ∗ dα dζ ρρ ∇ · J⊥ .
(56)
TEM 0 = 0
g
-ι
−Ao
From symmetry arguments, the only components to J⊥
that contribute to steady state torque balance are dissipative terms corresponding to quantities that enter into
the transport equation for Ωα described above. Using
the momentum balance equation to determine J⊥ , the
torque balance equation can be written
2V 0
eα · ∇ · ~
~π
eα · S
(<
> − < ρρ >).
0 <x>
ρρ
ι
g
g
−Ao
(57)
Using the previously discussed form for the neoclassical
transport and the solution to the transport equation for
Ωα , Eq. (54), one obtains
Z ∞
2
2V 0 C1/ν ρM ωti
< ψ 02 x/B 2 >
TEM 0 =
dΨ∗ [−
∆Ωα fr
νi-ι0 < x >2
Ao
Z

TEM 0 =

−

ι0

layer solution for the flow profile described in Eq. (54).
This solution effectively limits the radial extent of the
integration to the characteristic scale δr . Utilizing this,
the torque balance condition TEM 0 + TV 0 = 0 can be
derived with the viscous torque described by
TV 0 = 2kf V 0 ρM ν⊥ cr <

where K(k)
p is the complete elliptic integral of the first
kind, k = z 2 /(4y 2 + z 2 ) and fr is defined with respect
to the variable y = X∗ /δr . In the limit z = 0, kf = 1.
An easier way to understand the derivation of TV 0 in
the small island limit is to directly compute the viscous
torque on the island region. Taking the eα projection and
flux surface averaging in accordance with the calculation
of the electromagnetic torques of Eq. (25) produces the
expression
TEM α
eα
eα
~
= − < (P~ )T : ∇ ρρ >o + < ρM ν⊥ (∇v)T : ∇ ρρ >o
V0
g
g
X d
g ρi
g ρi
~
+
[< ρρ ei · P~ · eα >o − < ρM ν⊥ ρρ ei · ∇v · eα >o ]
dρ
g
g
i
eα
− < ρρ · S >o .
(61)
g
~
~
where P~ = pI~ + ~~π . An equivalent expression can be
derived for the eζ component of the momentum balance. Integrating the above equations across the island region produces the static
R torque balance relations
TEM 0 + TV 0 = 0 and TV 1 = dxTEM ζ = O(δ) where
TV 0 = V 0 ρM ν⊥ [< gαα >o

dΨ∗

(58)

If we assume that the source function S is small in the
island region (so that the last term can be neglected) and
that the resonant component of the magnetic spectrum
is sufficiently small (so that < x/B 2 > / < x >≈<
1/B 2 >), the important Ψ∗ dependence of the integrand
is contained by the function fr defining the boundary

(59)

where the dimensionless coefficient kf is defined as a function of the quantity z = w/δr by
Z ∞
y
2K(k)
p
kf (z) =
,
(60)
dyfr (y, z)
2
π
y + z 2 /4
0

∞

2V 0
eα · S
xg ρρ < x/B 2 >
) >].
< ρρ (1 −
<x>
g
< x2 g ρρ >

ψ 02
∆Ωα
>
,
2
B
δr

TV 1 = V 0 ν⊥ [< gαζ >o

dΩα ρo +
∂Ωζ
|ρo − + < gζα
>o |ρρoo +
− ],
dρ
∂ρ
(62)

dΩα ρo +
∂Ωζ
|ρo − + < gζζ
>o |ρρoo +
− ].
dρ
∂ρ
(63)

Here, the ρ derivatives on v are assumed to produce
the largest contributions owing to the radially localized
boundary layer solution on the flow profile described
~
previously. In deriving this equation, P~ and v are assumed to be continuous across the island region. Using
TV 1 /TV 0 = O(δ) and the property gζα = (I/γ)gζζ [1 +
O(δ)] allows one to eliminate ∆Ωζ from TV 0 so that
TV 0 = V 0 ρM ν⊥ <

ψ 02 g ρρ
dΩα ρo +
>o
| ,
2
B
dρ ρo −

(64)

which agrees with the scaling predicted in the zero w/δr
α
limit of Eq. (59) with dΩ/dρ|ρρoo +
− = 2∆Ω /δr .
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These calculations also imply
<

∂ v||
( ) >o |ρρoo +
− = 0,
∂ρ B

(65)

to leading order. To make contact with the conventional
cylindrical theory, the condition TV 1 /TV 0 = O(δ) can
also be written to express a relationship between ∆Ωφ
and ∆Ωθ . This yields
<

I
√ ∂∆Ωφ
√ ∂∆Ωθ
g
>o |ρρoo +
g
>o |ρρoo +
− =− <
− . (66)
∂ρ
g
∂ρ

Since I/g ∼ 2 is typically quite small ( is the inverse
aspect ratio), the change in the jump in the poloidal flow
gradient is generally much larger than the change in the
toroidal flow gradient.
As is clear from the calculation, in order to properly
account for torque balance at the rational surface, there
is a competition between neoclassical physics, cross-field
viscosity and electromagnetic effects. This point has been
made in a recent publication from Nishimura et al [36] .
The treatment of the flow profile given here is predicated
on the assumption δr  Leq . At higher collisionality,
this approximation breaks down. In this limit, the radial extent of the flow profile “boundary layer” extends
to macroscopic scales.

of finite inertia
Z
Z 2π Z 2π
∂Ωα ψ 02
√
gdαdζ ρM
= TEM 0 + TV 0 .
dx
∂t B 2
0
0
(70)
When |DΩ | > Dw , the viscous torque overwhelms the
electromagnetic torque and the plasma at ρ = ρo starts
to rotate. The island is no longer locked to the wall and
the eddy currents at the rational surface become sufficiently large to inhibit the penetration of the vacuum
magnetic fields into the plasma; the large magnetic island disappears. The condition |DΩ | = Dw is the criteria
for healing a magnetic island with plasma flow.
To make firmer contact with the predictions of the theory and the observations of island suppression on LHD,
the healing criteria can be used to predict a scaling of
the critical β for island suppression as a function of collisionality. As noted in the previous section, the effect
of the collisionality naturally enters through the dependence of the flow boundary layer solution described in Eq.
(54). To make further progress, a model for the cross-field
viscosity is required. Assuming a gyro-Bohm scaling for
ν⊥ ∼ (ρi /Leq )(T /eB) where ρi is the ion gyro-radius and
diamagnetic level flows, the healing criteria |DΩ | = Dw
produces a scaling for the critical β as a function of collisionality given by
βcrit ∼ (ν ∗ )1/4 (

IV.

From the information in Sections II and III, a prediction for the phase shift between the island and the external resonant field perturbation can be derived. From
torque balance TEM 0 + TV 0 = 0 and Eqs. (30) and (59),
one finds

where ν ∗p
= 3/2 νi /ωti is the normalized collisionality and
ωpi /c = ne2 µo /mi is the ion skin depth. For fixed vacuum island width, the above scaling indicates that the
critical β for island healing scales weakly but monotonically with collisionality. This result is qualitatively consistent with the results from LHD [6, 7].

(67)

where

V.

m2o kv2 (−ρo ∆0o ) (ι-0o )2 (wV )4
,
kf cr
2mo
512
dΩα ρo +
ρo
DΩ = −ν⊥ ρo
|ρo − = −2ν⊥ Ωα
,
dρ
δr 0
2
DA = ωA

(71)

1/ν

HEALING A LOCKED ISLAND

DA sin(2∆φ) = DΩ ,

wV 2 Leq ωpi
)
,
Leq C 1/4 c

MODE PENETRATION INTO A ROTATING
PLASMA

(68)
(69)

2
2
and ωA
= 4π 2 ψ 0 /V 0 γρM µo < 1/B 2 >≈ vA
/Ro2 is the
Alfven frequency.
As noted previously, in vacuum DΩ = 0 and the island
is locked to the external source with ∆φ = 0. At finite β,
DΩ obtains a finite value that produces a finite phase shift
sin(2∆φ) = DΩ /Dw . With larger |DΩ |, the amplitude of
the phase shift becomes larger until | sin(2∆φ)| reaches
its maximal value at unity corresponding to √
|∆φ| = π/4.
At this point |DΩ | = Dw and w2 = kv (wv )2 / 2. Beyond
this point, |DΩ | exceeds Dw which indicates steady state
momentum balance is no longer satisfied. At this point,
the momentum balance equation now includes the effect

While the previous calculations were concerned with
the conditions under which a magnetic island can be
healed with plasma rotation, the issue of interest in this
section is the conditions for when an external resonant
perturbation penetrates into a rotating plasma. As will
be shown, this criteria will differ from the healing criteria
derived in the previous section.
In this section, the plasma is posited to be rotating at
the rational surface. The external resonant perturbation
attempts to force reconnection at the rational surface.
However, this reconnection is inhibited at the rational
surface due to a localized eddy current response.
Since rotation has such a dramatic effect on the amplitude of the reconnected flux at the rational surface, it
is common to use linear tearing theory to describe the
plasma response rather than the nonlinear model used
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previously. A distinct difference between the linear theory and theory used previously is a relaxation of the noslip constraint on the plasma flow. For a nonlinear island, the island and the plasma rotate together. In the
linear theory, the bulk plasma flow is decoupled from the
resistive layer solution. As such a linear layer response
driven by the external source can move relative to the
bulk plasma motion at the rational surface.
The response to an external resonant magnetic field
source is taken to be described by linear layer physics
(∆L ) which is used in the asymptotic matching procedure ∆0mo no Ao = ∆L Ao . From Eqs. (14)-(16), Ao is determined by
Ao =

kv AV
.
1 + ∆L /(−∆0o )

(72)

The quantity ∆L is a measure of the eddy current response at the rational surface. The layer response depends upon the sophistication of the layer model equations employed [8, 37], but generally is described by an
expression of the form ∆L /(−∆0o ) = [(ω − ωi∗ )p (ω −
ωe∗ )q ω 1−p−q τrec ]r eiχL where τrec denotes a characteristic linear layer response time, ω = mo Ωα (ρs ) is the frequency of the tearing mode in a rotating plasma, ωs∗
the diamagnetic frequency of species s and p, q and r
are exponents of order unity. Here, complex notation
is employed so that sin(χL ) denotes the reactive layer
response. For specificity in the following, a simplified
visco-resistive limit is used where ∆L /(−∆0o ) = iωτL ,
1/6
τL = S 2/3 Pr /ωA , S = τR ωA is the Lundquist number and Pr = ν⊥ µo /η. For many flows of characteristic
interest ωτL  1. Plasma flows produce a large layer
response that dramatically reduces the magnetic island
width from its value in vacuum. From Eq. (72), the value
of the resonant component of the magnetic field at the
rational surface is given by
kAV
Ao = p
1 + ω 2 τL2

(73)

and the differential phase between the external source
and the island producing field is given by
ωτL
sin(∆φ) = − p
.
1 + ω 2 τL2

(74)

Associated with the localized eddy current and the
small rotationally shielded resonant magnetic field is a
localized electromagnetic torque. Inserting the above expressions into Eq. (30), one obtains
TEM 0 = −

π 2 ψ 03 mo kv2 (−∆0o ) 0 2 V 4 2ωτL
(ι-o ) (w )
. (75)
µo γ
256
1 + ω 2 τL2

As in the calculation of the previous section, this electromagnetic torque is balanced by a viscous torque which
depends upon the properties of the flow profile. From
Eq. (64), note that the viscous torque depends upon the

change in the rotation value away from its ‘natural’ rotaα
tion rate TV 0 ∼ ∆Ωα = Ωα
o − < Ω (ρ = ρs ) >. Denoting
α
ωo = mo Ωo as the natural frequency, the viscous torque
is given by
T V 0 = V 0 ρM ν ⊥ <

2ρo
ψ 02 g ρρ
>o
(ωo − ω).
2
B
mo δr

(76)

The torque balance condition TEM 0 + TV 0 = 0 can then
be written
ωτL
CA
= ωo − ω,
(77)
1 + ω 2 τL2
where CA = δr mo DA /ν⊥ ρo with DA given in Eq. (68).
Torque balance provides a self-consistent prediction for
ω. Generally, there are three solution, only two of which
are dynamically stable. When ωo τL is very large, only
one of the solutions is realized. In this limit, the operative
solution is ω ≈ ωo which corresponds to a state with large
rotation at the rational surface and a small island. In the
small ωo τL limit, the only solution is ω ≈ 0 corresponding
to small rotation at the rational surface and a nearly fully
penetrated magnetic island. In the general case, both
solutions may be present.
For a plasma rotating with sufficient amplitude, the
small island state is realized. However, if the natural
rotation rate of the plasma drops to a critical value,
the high rotation/small island state disappears. In this
case, the plasma abruptly changes from the high rotation/small island state to a low rotation/large island state
[8, 9]. An approximate criteria for this transition can be
obtained in the ωo τ  1 limit of Eq. (77). In this limit,
only the large rotation root is described and given by
s
1
4CA
ω = ωo [ + 1 − 2 ],
(78)
2
ω o τL
As ωo decreases at fixed CA , the quantity ω/ωo drops
from unity at high ωo until it reaches the value one half.
As ωo reaches the critical condition ωo = ωcrit given by
2
ωcrit
=

4CA
,
τL

(79)

the plasma abruptly jumps to a state where the magnetic
island produced from the external magnetic perturbation
appears and rotation at the rational surface ceases. This
critical transition is referred to as mode penetration.
The threshold condition for mode penetration is different than the threshold condition for healing a vacuum island. This is a distinctive feature of mode locking theory
[8]. Another way to write the island penetration threshold is to use the parameters DΩ and DA defined in the
Eqs. (68) and (69). At ωo = ωcrit , DΩ = ν⊥ ρo Ωα
0 /δr and
the penetration threshold is given by
|DΩ | ≈

2DA
,
ω o τL

(80)

While the healing condition occurs at |DΩ | = DA , the
condition for field penetration satisfies |DΩ |  DA if
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ωo τL  1. For a given external resonant field strength,
the value of the rotation at the rational surface is
higher after the threshold for healing is reached than the
strength of the rotation at the rational surface just before
field error penetration occurs. The equivalent critical β
pen
for mode penetration βcrit
relative to the critical β for
island healing βcrit from Eq. (71) is given by
r
2
pen
βcrit
≈ βcrit
.
(81)
ω o τL
VI.

SUMMARY AND DISCUSSION

In this work, a theory describing the interaction of a
tearing stable conventional stellarator with an externally
produced resonant magnetic field perturbation is given.
The calculation highlights the important role plasma rotation can have in healing vacuum magnetic islands. The
model put forth parallels earlier theoretical efforts to describe the interaction of tearing modes with resonant
magnetic perturbations in cylindrical geometry [8]. In
this work, transitions between different asymptotic states
of the plasma are described by coupled electromagnetic
and fluid flow physics.
An important distinction between conventional stellarators and tokamaks lies in the treatment of neoclassical
physics. In high temperature conventional stellarators,
the viscous force associated with non-ambipolar neoclassical transport plays an important role in establishing the
flow profile in the vicinity of a locked mode. A model for
the rotation profile is provided that accounts for a balance between cross-field viscosity and neoclassical flow
damping. The presence of 1/ν neoclassical transport in
high temperature conventional stellarators produces a radial boundary layer in the flow profile outside the separatrix of a locked island. This has the consequence of
effectively raising the viscous torque as the plasma becomes less collisional. Therefore, island suppression by
plasma flow becomes easier at lower collisionality.
The healing criteria is given by |DΩ | = DA where DΩ
and DA are measures of the viscous and electromagnetic
torques, respectively as described in Eqs. (68) and (69).
This theory produces a critical β for island healing as a
function of collisionality and external 3-D field resonant
field amplitude described in Eq. (71). The scaling indicates a weak but monotonic dependence of the critical β
for healing with plasma collisionality, a prediction which
is in qualitative agreement with the experimental results
from LHD [6, 7].
Additionally, a theory for the penetration of a resonant
3-D magnetic field into a rotating conventional stellarator is also given. The threshold condition for mode penetration, Eqs. (80), is different than the healing criteria
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indicating that once a vacuum island is healed the plasma
is typically required to drop well below the critical β for
healing before the island reappears.
The neoclassical physics of conventional stellarators
have been emphasized. For these devices, the flow damping rates in the toroidal and poloidal directions can formally have comparable values. The flow properties of
quasisymmetric configurations are different than those
considered here [38, 39]. These devices have weak neoclassical flow damping in the symmetry direction. The
equivalent calculation for the healing of magnetic islands
by plasma flows requires a procedure more akin to the
theories used for axisymmetric (or nearly axisymmetric) tokamak plasmas [35]. One of the purported advantages of quasisymmetric stellarators is the presence
of undamped flows in the symmetric directions which are
known to have a variety of beneficial effects on stability
and transport in tokamaks. However, for the conventional stellarator case discussed here, it is the presence
of the 1/ν transport and the associated neoclassical viscous force that enhances the viscous torque that heals
the magnetic island.
For simplicity the presence of the nonlinear dependence
of the neoclassical viscosities on radial electric field (or
Ωα ) is ignored. A discussion of this effect is delayed for
future work.
An important implication of this work is that plasma
rotation physics can play a crucial role on magnetic island
physics and surface fragility in stellarator configurations.
The requirement of ambipolar neoclassical transport or
external momentum sources can produce self-consistent
plasma flows of sufficient magnitude to eliminate vacuum magnetic islands. The physics of flow suppression is not incorporated in 3-D MHD equilibrium codes
[16, 17, 40, 41]. These tools are unduly pessimistic in predicting the topological breakup of magnetic surfaces. Initial value extended MHD codes are capable of describing
magnetic island healing due to plasma flows. However,
in order to obtain correct quantitative solution, extended
MHD modeling would need to include 3-D field induced
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forces they induce.
ACKNOWLEDGMENTS
This research was supported by the U.S. Department of
Energy under grant no. DE-FG02-99ER54546. The author would like to thank Y. Narushima, K. Y. Watanbe
and members of the LHD experimental team for many
fruitful discussions of the experimental results. The author would also like to thank the National Institute for
Fusion Science in Toki, Japan for hosting the author during the formative stages of this work.

[2] Castejón F., Fujisawa A., Ida K., Talmadge J. N.,

12

[3]
[4]

[5]

[6]

[7]

[8]
[9]

[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

Estrada T., Lopez-Bruna D., Hidalgo C., Krupnik L. and
Melnikov A. 2005 Plasma Phys. Control. Fusion 47 B53
Castejón F., Lopez-Bruna D., Estrada T., Ascasibar E.,
Zurro B. and Baciero A. 2004 Nucl. Fusion 44 593
Evans T. E., Moyer R. A., Thomas P. R., Watkins J. G.,
Osborne T. H., Boedo J. A., Doyle E. J., Fenstermacher
M. E., Finken K. H., Groebner R. J., Groth M., Harris
J. H., LaHaye R. J., Lasnier C. J., Masuzaki S., Ohyabu
N., Pretty D. G., Rhodes T. L., Reimerdes H., Rudakov
D. L., Schaffer M. J., Wang G., and Zeng L. 2004 Phys.
Rev. Lett. 92 235003
Menard J. E., Bell R. E., Gates D. A., Gerhardt S. P.,
Park J. K., Sabbagh S. A., Berkery J. W., Egan A., Kallman J., Kaye S. M., LeBlanc B., Liu Y. Q., Sontag A.,
Swanson D., Yuh H., Zhu W. and the NSTX Research
Team, Nucl. Fusion 50, 045008 (2010)
Narushima Y., Watanabe K. Y., Sakakibara S., Narihara K., Yamada I., Suzuki Y., Ohdachi S., Ohyabu N.,
Yamada H., Nakamura Y. and the LHD Experimental
Group 2008 Nucl. Fusion 48 075010
Narushima Y., Castejón F., Sakakibara S., Watanbe
K. Y., Ohdachi S., Suzuki Y., Estrada T., Medina F.,
Lopez-Bruna D., Yokoyama M., Yoshinuma M., Ida K.,
Nishimura S., LHD Experimental Group and TJ-II Experimental Group 2011 to appear in Nuclear Fusion
Fitzpatrick R. 1993 Nucl. Fusion 33 1049
Wolfe S. M., Hutchinson I. H., Granetz R. S., Rice J.,
Hubbard A., Lynn A., Phillips P., Hender T. C., Howell D. F., La Haye R. J. and Scoville J. T. 2005 Phys.
Plasmas 12 056110
Den Hartog D. J., Almagri A. F., Chapman J. T., Ji H.,
Prager S. C., Sarff J. S., Fonck R. J. and Hegna C. C.
1995 Phys. Plasmas 2 2281
Frassinetti L., Brunsell P. R. and Drake J. R. 2009 Nucl.
Fusion 49 075019
Bhattacharjee A., Hayashi T., Hegna C. C., Nakajima N.
and Sato T. 1995 Phys. Plasmas 2, 883
Reiman A. H. and Boozer A. H. 1984 Phys. Fluids 27
2446
Cary J. R. and Kotschenreuther M. 1985 Phys. Fluids
28, 1392
Hegna C. C. and Bhattacharjee A. 1989 Phys. Fluids B
1, 392
Hayashi T., Takei A. and Sato T. 1990 Phys. Fluids B 2,
329
Hayashi T., Sato T., Merkel P., Nührenberg J., and
Schwenn U. 1994 Phys. Plasmas 1, 3262
Hegna C. C. and Callen J. D. 1994 Phys. Plasmas 1, 3135
Hegna C C. 1998 Phys. Plasmas 5 1767
Shaing K. C. 1984 Phys. Fluids 27 1567
Boozer A. H. 1981 Phys. Fluids 24 1999.
Hegna C. C. 1999 Phys. Plasmas 6 3980
Glasser A. H, Greene J. M. and Johnson J. L., 1975 Phys.
Fluids 18 875
Rutherford P. H. 1973 Phys. Fluids 16 1903
Fitzpatrick R. and Waelbroeck F. L. 2010 Phys. Plasmas

17 062503
[26] Callen J. D., Cole A. J. and Hegna C. C. 2009 Nucl.
Fusion 49 085021; Callen J. D., Cole A. J. and Hegna C.
C. 2009 Phys. Plasmas 16 082504
[27] Shaing K. C. 2001 Phys. Rev. Lett. 87 245003; Shaing K.
C., Hegna C. C., Callen J. D. and Houlberg W. A., 2003
Nucl. Fusion 258
[28] Mynick H. E. and Hitchon W. N. G., 1983 Nucl. Fusion
1053
[29] Shaing K. C. 1986 Phys. Fluids 2231
[30] Fujisawa A., Iguchi H., Sanuki H., Itoh K., Itoh S.-I,
Okamura S., Matsuoka K. and Hamada Y., 1998 Plasma
Phys. Controlled Fusion 40 627
[31] Baldzuhn J., Kick M., Maaβberg H., and the W7-AS
Team, 1998 Plasma Phys. Controlled Fusion 40 967
[32] Takeiri Y., Shimozuma T., Kubo S., Morita S., Osakabe M., Kaneko O., Tsumori K., Oka Y., Ikeda K., Nagaoka K., Ohyabu N., Ida K., Yokoyama M., Miyazawa
J., Goto M., Narihara K., Yamada I., Idei H., Yoshimura
Y., Ashikawa N., Emoto M., Funaba H., Inagaki S.,
Isobe M., Kawahata M., Khlopenkov K., Kobuchi T., Komori A., Kostrioukov A., Kumazawa R., Liang Y., Masuzaki S., Minami T., Morisaki T., Murakami S., Muto
S., Mutoh T., Nagayama Y., Nakamura Y., Nakanishi
H., Narushima Y., Nishimura K., Noda N., Ohdachi S.,
Ozaki T., Peterson B. J., Sagara A., Saito K., Sakakibara S., Sakamoto R., Sasao M., Sato K., Sato M., Seki
T., Shoji M., Suzuki H., Tamura N., Tanaka K., Toi K.,
Tokuzawa T., Watanabe K. Y., Watari T., Xu Y., Yamada H., Yoshinuma M., Itoh K., Ohkubo K., Satow T.,
Sudo S., Uda T., Yamazaki T., Hamada T., Matsuoka
K., Motojima O., Fujiwara M., Notake T., Takeuchi N.,
Torii Y., Yamamoto S., Yamamoto T., Akiyama T., Goncharov P., Saida T., Kawazome H., and Nozato H. 2003
Phys. Plasmas 10 1788
[33] Lore J., Guttenfelder W., Briesemeiseter A., Anderson D.
T., Anderson F. S. B., Deng C. B., Likin K. M., Spong
D. A., Talmadge J. N. and Zhai K., 2010 Phys. Plasmas
17 056101
[34] Nemov V. V., Kasilov S. V., Kernbichler W. and Heyn
M. F., 1999 Phys. Plasmas 6 4622
[35] Cole A. J., Callen J. D. and Hegna C. C. 2007 Phys. Rev.
Letters 99 065001; Cole A. J., Callen J. D. and Hegna
C. C. 2008 Phys. Plasmas 15 056102
[36] Nishimura S., Narushima Y., Toda S., Yagi M., Itoh K.
and Itoh S.-I. 2010 Plasma Physics Res. 5 040.
[37] Cole A. and Fitzpatrick R. 2006 Phys. Plasmas 13
032503
[38] Spong D. A 2005 Phys. Plasmas 056114
[39] Gerhardt S. P., Talmadge J. N., Canik J. M. and Anderson D. T. 2005 Phys. Plasmas 12 056116
[40] Reiman A. H. and Greenside H. 1986 Comp Phys. Comm.
43, 157
[41] Hirshman S. P., Sanchez R. and Cook C. 2011 to appear
in Phys. Plasmas 18

