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The impact of applied 3D magnetic fields on the bounce-averaged precessional drifts in a tokamak
plasma are calculated. Local 3D MHD equilibrium theory is used to construct solutions to the
equilibrium equations in the vicinity of a magnetic surface for a large aspect ratio circular tokamak
perturbed by applied 3D fields. Due to modulations of the local shear caused by near-resonant
Pfirsch-Schlüter currents, relatively weak applied 3D fields can have a large effect on trapped particle
precessional drifts. Pacs. nos. 52.20.Dq, 52.35.Qz, 52.55.Dy

I.

INTRODUCTION

Applying three-dimensional (3D) magnetic fields to
otherwise axisymmetric toroidal confinement devices affects a number of plasma physics properties [1, 2]. In
particular, 3D fields whose resonant surface lies in the
edge region of H-mode tokamaks can suppress edge localized modes (ELMs) under certain conditions [3–7]. The
precise mechanism for this suppression is not known but
is likely tied to a change in the transport properties in
the edge region. Stochastic transport due to overlapped
magnetic islands is not thought to be operable throughout the pedestal due to the presence of plasma flows that
shield the penetration of externally applied 3D fields [8–
10]. However, even with plasma shielding, applied 3D
fields can significantly distort the shape of the magnetic
surfaces [11] and affect MHD stability [12–14]. The sensitivity of local MHD stability to 3D shaping suggests that
microinstability properties are also affected by applied
3D fields. Indeed, turbulent fluctuation measurements
in the DIII-D edge show a dependency on the applied
3D fields [15]. Trapped particles modes are one of many
candidates to explain turbulent transport in the pedestal
region [16–20]. In the following, the effect of applied 3D
fields on trapped particle drifts in a tokamak is investigated as a precursor to studies of 3D effects on trapped
particle mode turbulence.
Regions of unfavorable curvature can lead to instability in the presence of trapped particles [21, 22]. Trappedparticle mode stability depends upon the relative sign of
the bounce-averaged trapped particle drift and the driving thermodynamic gradient. While deeply trapped particles are destabilizing in a tokamak, precise details of the
trapped particle drive depend upon the properties of the
MHD equilibrium. Indeed, in the high β limit, pressure
induced Pfirsch-Schlüter currents produce modulations
to the local shear that tend to reverse the direction of
the precession drift [23], This is a stabilizing effect for
collisionless trapped particle modes in tokamaks.
In order to understand how 3D shaping can influence
trapped particle drifts, a solution to the 3D MHD equilibrium equations is required. Understanding the plasma response to applied 3D fields is a topic of considerable interest to the plasma community with a variety of tools being
used to describe the resultant 3D steady state [24, 25]. In

particular, quantification of shielding physics via plasma
rotation generally depends upon non-ideal MHD physics.
However, since local stability calculations only require
knowledge of the equilibrium quantities in a flux tube, it
is not necessary to construct “global” solutions that account for shielding physics at rational surfaces. In this
work, the existence of a topologically toroidal magnetic
surface is presumed away from magnetic field resonances.
The procedure outlined in Ref. [13] is utilized whereby
a 3D equilibrium local to a magnetic surface [26] is constructed assuming a small 3D distortion away from a lowest order axisymmetric equilibrium. In this formulation,
the shape of the magnetic surface is denoted by the mapping function X(θ, ζ) on the magnetic surface labeled by
the poloidal flux function ψ = ψo where θ and ζ are the
straight-field line poloidal and toroidal angles. From X
and the field line pitch q(ψo ), various geometric quantities associated with the field line can be constructed.
Despite the rather small values of applied 3D magnetic
field used in present day tokamak experiments, these can
produce important modifications to stability quantities
and are sensitive to pitch resonant components of the
field shaping [31]. Modulations of the local shear due to
near-resonant Pfirsch-Schlüter currents can play an important role in high pressure gradient regions and produce notable changes to infinite-n ideal ballooning stability properties [13]. Because of the sensitivity of the
trapped particles to the magnetic field properties and the
local shear in particular, trapped particle instabilities can
also be significantly affected by applied 3D fields.
In Sec. II, we provide a brief review of local 3D MHD
equilibrium theory. In Section III, we apply the equilibrium model to derive an expression for the trapped
particle precessional drift. The calculation is specialized
to consider the case of a high aspect ratio circular flux
surface perturbed by a weak 3D field. A brief summary
is provided in Section IV.

II.

LOCAL 3D MHD EQUILIBRIUM

A description of the equilibrium in the presence of an
applied 3D magnetic field can be provided by local 3D
MHD equilibrium theory [26, 27]. In this formulation
equilibrium quantities on a topologically toroidal mag-
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netic surface are uniquely determined by the shape of
the magnetic surface parameterized by two straight-field
line angles, the value of the safety factor q and two profile quantities. This technique is the 3D generalization of
the widely used “Miller equilibrium” which describes local solutions of the Grad-Shafranov equation for 2D configurations [28]. Local 3D equilibrium theory has been
employed to quantify proximity to ballooning stability
boundaries in stellarator experiments [29, 30].
Equilibrium properties are sought on the single magnetic surface ψ = ψo . In the vicinity of ψ = ψo , the
magnetic field mapping can be written
X(ψ, θ, ζ) = x(ψo , θ, ζ) + (ψ − ψo )

∂x
(ψo , θ, ζ) + ...
∂ψ

(q 0 = dq/dψ). x0o can be written
x00 =

|∇ψ|
1
n̂ + hB + D
b̂ × n̂.
|∇ψ|
B

(8)

The quantity of interest in many local stability analyses
[13, 32–34] is the quantity D that denotes the variation
of the local shear. The local shear s = b̂ × n̂ · ∇ × (b̂ × n̂)
is related by the vector identity s = µo J|| /B − 2τn [26].
This relation provides an expression for D given by
q0
B2
− √ + B · ∇D =
(σ + p0 λ − 2τn ),
g
|∇ψ|2

(9)

where the parallel current can be decomposed into the
flux surface averaged current
<J·B>
,
(10)
< B2 >
and Pfirsch-Schlüter current proportional to the geometric factor λ calculated from the magnetic differential
equation
σ = µo

= x0 + (ψ − ψo )x0o + ...

(1)

where θ and ζ are straight field line poloidal and toroidal
angles, respectively and ψ is the poloidal flux function.
From xo and x0o all components of B and J can be determined on the magnetic surface of interest. From the
first term in Eq. (1), expressions for the unit parallel and
normal vectors can be calculated
b̂ =

q ∂X
∂ζ +

∂X
∂θ

(q 2 gζζ + 2qgζθ + gθθ )1/2

n̂ =

∂X
∂θ

×

(gζζ gθθ −

,

∂X
∂ζ
,
2 )1/2
gζθ

(2)
(3)

where gζζ = ∂xo /∂ζ · ∂x0 /∂ζ, gζθ = ∂x0 /∂ζ · ∂x0 /∂θ and
gθθ = ∂xo /∂θ · ∂x0 /∂θ. Derivatives of the orthonormal
basis set b̂, n̂ and b̂ × n̂ along the field line produce a
variant of Frenet’s formulae
(b̂ · ∇)b̂ = κn n̂ + κg b̂ × n̂,

(4)

(b̂ · ∇)n̂ = −κn b̂ + τn b̂ × n̂,

(5)

(b̂ · ∇)(b̂ × n̂) = −τn n̂ − κg b̂,

(6)

where κn (normal curvature), κg (geodesic curvature)
and τn (normal torsion) describe the geometric properties of the field lines. The constraint n̂ · J = 0 for the
current profile J provides a first order partial differential
√
equation for the Jacobian g

B · ∇λ = 2κg µo

|∇ψ|
,
B

(11)

subject to < λB 2 >= 0. The flux surface average of Eq.
(9) produces an identity that relates q 0 , p0 and σ. The
quantity h in Eq. (9) is similarly governed by a magnetic
differential equation with source terms driven by p0 , q 0
and magnetic geometry. In the axisymmetric limit, h
is directly proportional to D and given by the relation
√
h = Dg ψψ g/qR2 B 2 [26]. The specification of xo , q
and two profile quantities on a flux surface completely
describes the equilibrium quantities locally.
III.

PRECESSION FREQUENCY OF TRAPPED
PARTICLES

The crucial quantity for trapped particle modes is the
precession frequency of a trapped particle which for a
tokamak can be written
1 ∂J ∂J −1
< ωD >= kα < vD · ∇α >=
(
) ,
(12)
e ∂ψ ∂K

(7)

for perpendicular wavenumber kα . The longitudinal invariant involves an integral over the trapped particle
bounce motion
Z
Z
√
J = mv|| dl = mv|| B g dθ,
(13)

whose solution can be used to calculate the equilibrium
√
magnetic field B = (q∂xo /∂ζ + ∂xo /∂θ)/ g = q∇ψ ×
√
∇θ + ∇ζ × ∇ψ and ∇ψ = (∂xo /∂θ × ∂xo /∂ζ)/ g at the
magnetic surface ψ = ψo .
The components of x0o are determined by solutions to
the ideal MHD equilibrium equations in the vicinity of
the magnetic surface and are uniquely determined with
the specification of two flux functions, typically the pressure gradient (p0 = dp/dψ) and the safety factor gradient,

where θ labels points along the field-line labeled by
poloidal flux ψ and field-line label α = qθ − ζ. Here
v||2 = v 2 − 2µB/m for particle energy K = mv 2 /2 and
magnetic moment µ and
Z
√
√
∂(B g) µB g ∂B
∂J
= m dθ v|| [
−
],
(14)
∂ψ
∂ψ
v||2 ∂ψ
Z
√
B g
∂J
= dθ
.
(15)
∂K
v||

∂ qgζζ + gζθ
∂ qgθζ + gθθ
=
,
√
√
∂θ
g
∂ζ
g
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Using local 3D equilibrium theory to work out the important elements of the integrand, one finds
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1 ∂B
κn
|∇ψ|
µo dp
h
=
+ Dκg
− 2
+ B · ∇B, (17)
B ∂ψ
|∇ψ|
B
B dψ B
√
where Bζ = B · ∂xo /∂ζ and B ζ = B · ∇ζ = q/ q. The
terms proportional to h in these expressions are generally O(Bθ B θ /Bζ B ζ ) ∼ O(2 /q 2 ) smaller than the largest
terms in each of these expressions. As such, we drop these
terms in the following and derive
Z
∂J
q0
√
= m dθ gB[v||
∂ψ
q
−(v|| +

µB
κn
µB µo p0
|∇ψ|
)(
+ Dκg
)+
],
v|| |∇ψ|
B
v|| B 2

(18)

For a large aspect ratio approximation, we make use of
B = Bo /(1 +  cos θ) to parameterize velocity space using
v 2 and pitch angle variable k 2 defined by
1 1 − 2µBo /mv 2
+ 1).
k2 = (
2


(19)

Trapped particles are defined by 0 ≤ k 2 ≤ 1 with the
trapped passing boundary at k 2 = 1. In the small
  1 limit, we have the approximate expression v|| ≈
√ q
v 2 k 2 − sin2 θ/2. In the large aspect ratio circular flux surface limit (R = Ro + r cos θ, Z = r sin θ,
 = r/Ro  1), the geometric coefficients are given by
the approximate formulae,
κn
q cos θ
=−
,
|∇ψ|
Bo rRo
r sin θ
κg |∇ψ|
=
,
B
qR
2µo r
λ=−
cos θ.
Bo

(20)
(21)
(22)

The two profiles p0 and q 0 are related to the dimensionless
quantities s and α
q2
s,
Bo r 2
Bo
α,
2µo p0 = −
qrRo
q0 =

(23)
(24)

and the variation of the local shear is given by
q
sin θ,
Bo r2
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FIG. 1. The three contributions to the precessional drift formula Eq. (26) are plotted as a function of pitch angle variable

With the insertion of these expressions in Eq. (18) the
classic results from Connor et al [23] are reproduced.
< ωD >= kα

α
qmv 2
(G1 − 2 + 2sG2 − αG3 ), (26)
eBo rRo
4q

where
E(k)
1
− ,
K(k) 2
E(k)
G2 =
+ k 2 − 1,
K(k)
2 E(k)
G3 = [
(2k 2 − 1) + 1 − k 2 ].
3 K(k)
G1 =

(27)
(28)
(29)

The three quantities G1 , G2 and G3 are plotted as a function of pitch angle variable in Figure 1. The term proportional to G1 in Eq. (26) is due to the normal curvature
and dominates for deeply trapped particles (small values
of k 2 ). Positive values of the averaged shear (s > 0) increase < ωD > whereas pressure gradients tend to reduce
the precession frequency through two effects. The term
proportional to −(α2 /4q 2 ) is due to the diamagnetic effect [35] while the term scaling with −αG3 is due to the
variation of local shear (proportional to the quantity D)
caused by the Pfirsch-Schlüter current [23]. As noted
previously, large values of α can reverse the direction of
< ωD > and provide a stabilizing contribution to trapped
particle instabilities in tokamaks.
The effect of an applied 3D field can be modeled in the
same fashion as in Ref. [13]. Specifically, we can write
the fiux surface parametrization
X
R = R(θ) +
γi cos(Mi θ − Ni ζ),
(30)
i

2

D=α
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(25)

Z = Z(θ) +

X
i

γi sin(Mi θ − Ni ζ)

(31)
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where R(θ) and Z(θ) are inverse mapping coordinates for
the axisymmetric equilibrium, θ is the straight field-line
poloidal angle for the axisymmetric equilibrium and ζ is
the geometric toroidal angle. Assuming the 3D components are small, the quantities γi are linearly related to
the 3D magnetic fields via a coupling matrix [31]. Corrections to various geometric coefficients due to the 3D
fields can be calculated using the above parameterization.
In the large aspect ratio circular flux surface limit, one
finds the following key set of geometric coefficients
γi
cos θ
−
Mi
cos(Mi θ − Ni ζ),
(32)
Ro
rR
o
i
sin θ X
γi
κg =
+
Mi
sin(Mi θ − Ni ζ),
(33)
Ro
rRo
i
X
r
Mi
γi
λ = −2µo [cos θ +
cos(Mi θ − Ni ζ)]
Bo
M
−
N
q
i
i r
i
(34)
X

κn = −

where the first term in each expression is the conventional high-aspect ratio prediction and the last term is
the leading contribution resulting from the 3D distortion.
The 3D fields produce O(Mi γi /r) corrections to the curvature vector. The expression for the Pfirsch-Schlüter
coefficient contains quantities that become large near rational values of q. This produces important corrections
to < ωD > through the modification of the variation of
the local shear. Assuming the dominant effect of the 3D
field are order unity corrections to the Pfirsch-Schlüter
coefficient Eq. (9), Eq. (18) and Eq. (34) can be used to
calculate the 3D correction to < ωD > given by
< ωD >= kα

+2αG2

α
qmv 2
[G1 − 2 + 2sG2 − αG3
eBo rRo
4q

X
i

Mi
γi
δi cos(Ni α)],
M i − Ni q r

(35)

where
R
δi =

dθ v|| cos(Mi − Ni q)θ
R
.
dθ v||

(36)

Note the expression from the 3D correction explicitly depends upon the field line label α = qθ − ζ. This indicates the bounce averaged particle drifts are field line dependent and hence can lead to different trapped particle
mode behavior on different flux tubes within the same
surface. The additional dependence on field line label
is a notable feature of local mode stability in 3D configurations using ballooning formalism [36] and a known
property of microinstabilities (including trapped particle modes) in stellarators [37–40]. To demonstrate the
effect of the 3D field, a plot of < ωD > /ωo (ωo =
kα qms v 2 /es Bo rRo ) versus pitch angle variable is shown
in Figure 2 using the parameters α = 2, s = 2 in Eq. (35)
assuming a single dominant harmonic in the sum over
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FIG. 2. The precessional drift formula Eq. (35) is plotted as
a function of pitch angle variable. The precessional drift is
normalized to ωo = kα qms v 2 /es Bo rRo . A single 3D contribution to the formula is included using the parameters
s = 2, α = 2, γ/r = 0.01, M = 10, M − N q = 0.1. The three
curves correspond to the field line choice cos(N α) = 1 (0
phase), cos(N α) = 0 (2D) and cos(N α) = −1 (pi phase).

3D components with γ/r = 0.01, M = 10, M − N q = 0.1.
The top curve in this plot correspond to the field line
choice cos(N α) = 1, the middle curve corresponds to
cos(N α) = 0 (no 3D effect) and the bottom curve corresponds to the field line choice cos(N α) = −1. Clearly,
within the context of this simple limit, the 3D distortion can have a substantial effect on trapped particle orbits. For the case with a 3D field on the field line choice
cos(N α) = −1 only the deeply trapped particles have
precession frequencies that are destabilizing. Due to the
3D field, it’s likely the trapped particle mode response
will be highly field line dependent.
An additional complication brought about by 3D fields
is the generation of bounce averaged net radial drift of
trapped particles. For the case with finite radial wave
vector, the relevant frequency is given by
< ωD >= kα < v · ∇α > +kψ < v · ∇ψ >
1 ∂J −1 ∂J
kψ ∂J
) (
−
).
= kα (
e ∂K
∂ψ
kα ∂α

(37)

The additional contribution scales with α dependence
of B (∂B/∂α ∼ Ni δi ) and provides a contribution to
trapped particle motion in the presence of finite kψ . Additionally, net radial banana drifts produce a mechanism
to collisionlessly damp zonal flows [41]. In this work, the
effect of a radial electric field has been neglected for simplicity. The presence of radial electric fields are known
to produce a number of effects on trapped particle motion and associated neoclassical transport in 3D systems
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[42–44]. Moreover, applied 3D fields in tokamaks also alter neoclassical transport through passing particle effects
and the generation of super-bananas orbits [45]. All of
these effects will need to be accounted for when deducing the net effect of 3D fields on trapped particle mode
turbulence.

IV.

SUMMARY

The effects of applied 3D magnetic fields on the
bounce-averaged precessional drifts in tokamak plasma
are calculated. Local 3D MHD equilibrium theory is
employed to construct local solutions to the equilibrium
equations perturbed by applied 3D fields. Assuming
the applied fields are small, a perturbation approach
is employed to construct changes in various geometric
quantities due to the 3D fields. A prominent feature of
the 3D equilibrium is the production of substantial nonaxisymmetric modulation of the Pfirsch-Schlüter current
spectrum and local magnetic shear. This modulation is
present even when shielding physics is operative to prevent the formation of magnetic islands. This effect is due
to a near pitch resonance between the field line and the
the 3D distortion of the magnetic surface. As shown in
Eqs. (12) and (18), modulations in the local shear can
introduce prominent corrections to the precession drift
properties of trapped electrons. In order to gain analytic
insight, formulas corresponding to the case of large aspect ratio, circular flux surface tokamak perturbed by a
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